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A. A. IIoiKapcKiiit 

1. KoMnjieKCHaa njiocKOCTb 


1.1. KoMnjieKCHbie nncjia h onepaipiH Ha^, hhmh. 

Onpe^ejieHHe 1.1 (MiioaeecTBO KOMiuieKCHbix miceji). MnocncecmeoM KOMnneKcnux uuceA C na- 
3ueawm Muoatcecmeo ynopAdouennux nap euda (x,y) G M 2 , na KomopoM onpedejienu onepayuu 
CAoatcenuH u yMnootcemiA no cnedytou^uM npaeujiaM. 

• AxcHOMa cjioacemia: (xi,y\) + (x 2 , y 2 ) = (x\ + X 2 ,yi + y 2 )- 

• AxcHOMa yMHoacemia: (xi, yi) ■ (x 2 , 2/2) = {x\X 2 - ym, xpy 2 + x 2 yi). 


OKasMBaeTca, hto 3HamiTejibHO ygoSnee hmctb ^e.no co MHoaeecTBOM C, ecjin bbccth c.neflyiomiie 
o6o3HaaeHHa. /IproBopHMca BMecTO KOMiuieKCHoro ancua Bii^a (x, 0) micaTb npocTO x, a bmccto 
(0, y) micaTb iy, r,n;e i - BcnoMoraTeJibHbifi chmboji, Ha3biBaeMbiil komiuickchoh e^HHimefl. Topga, 
yaHTbiBaa, hto corjiacHO aicciiOMe cjioacemia (x,y) = (x, 0) + (0,y), nojiymiM, hto npoH3BOjibHoe 
KOMiuieKCHoe hhcjio (x, y) Moacno nepemicaTb b Bii^e x + iy. B ^ajibHefimeM, npn Hcnojib30Bamm 
samicn BH/i,a x + iy mbi SyneM no,n;pa3yMeBaTb, hto x h y - BeigecTBemibie micjia. 


Onpe^ejiemie 1.2 (OcHOBHbie onepaipra nan komtt.ickcitmmti micjiaMii) 
dejienu CAedywxyue onepayuu: 


BbiHHTaHHe: (x x + iyi) - (x 2 + iy 2 ) = A - x 2 ) + i{yi - y 2 ); 

AejieHHe: n ; d = x ^+ Vl > V2 + i X2y l~ Xl , V2 ; 

^ x2+iy2 X2 +y| x2+y£ ’ 

def 


KOMiuieKCHoe conpaacemie: x + iy = x — iy; 


• BeipecTBeHHaa aacTb: Re(x + iy) = x; 

• MHHMaa aacTb: Im(x + iy) = y; 

• MOAyJib: \x + iy\ = \J x 2 + y 2 . 

1.2. TpHroHOMeTpaaecKaa cJjopMa 3anncH KOMiuieKCHoro aacjia. 


Ha MHOcncecmee C onpe- 


Onpe^ejieHHe 1.3 (SKcnoHemiyiajibiiaa (Jiymopia). /[.ah ak>6oso zeC dKcnoHenyuaAbHaA $yHK- 
n/aA onpedeAena paeencmeoM 



n =0 72—0 


Onpe^ejieHHe 1.4 (TpiironoMeTpimecKiie (JjyHKipm). /(a.h ak>6oso z6C <fiyuKU,uu cuuyc u Kocunyc 
onpedeAenu paeencmeaMU 

giz g —iz giz _|_ g —iz 

sin z = ---, cos z = ---. 

2 i ’ 2 

1.5 (ApryMeHT KOMiuieKcnoro micjia). ApgyMenmoM KOMnAeKCHoso hucau z = 
x + iy Ha3ueaK>m MH0303Haunoe omo6pacHcenue Arg, deucmeympee no npaeuAy 


OnpeAejieHHe 


C \ {0} 9 0 1 —» Argn '= tip e R 
OynKyuw arg, deucmeywu^yw no npaeuAy 


sin p = 


\/x 2 + r 


, cos p = 


x 


aA 2 + y 2 


C \ {0} 9 0 I —» argz = p, 

zde p - eduHcmeennuu 3AeM,enrn MHOCHcecmea Argz D (— 71 , 71 ], Ha3ueawm odno3HauHou eemebto 
omoSpacHcenuA Arg. 
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TeopeMa 1.6 (TpiiroHOMeTpiiaecKaa <J)opMa samiCTT KOMnjieKCHoro nucjia). Tkycmb 3adauo kom- 
nAeucHoe hucao z = x + iy E C \ {0}. Tozda 


z = \z\ -e 1 *, 


zde \z\ = \J x* 1 + y 2 - ModyAb komhackchozo hucao, z u p - ak> 6 ou SAeMeum Muoofcecmea Arg z. 


/^OKaaaTejiBCTBO. Ms onpe^ejicunn 1.5 cnenyex. hto 


z = x + iy = yx 2 + t/ 2 


x | , y 

1 x 2 + y 2 \J x 2 + y 2 


= |z|(cos<£> + isin<£>) = \z\e ltp . □ 


Onpc^encHiie 1.7 (JIorapn^M KOMnjieKCHoro nncjia). JIozapucpMOM komhackchozo hucao ho3U60- 
wm MH0203HaHHoe omoSpacHcenue Ln, deucmeytou^ee no npaeuAy 

C \ {0} 3 z i— » Ln z = f ln | ^ | + i Arg z, 
zde ln \z\ - eew i ecmeeHH03HOHHUu AozapucpM 1 . 

TeopeMa 1.8 (OSpaTiiasi ([u’hktuH'T k KOMnjieKCiiofi SKcnonenTe). 

• /(aa ak)6ozo z E C\ {0} eepuo, umo Lnz — {w E C | e w = z}. 
o JJpyzuMU CAoeaMU, Ln - amo odpamuoA gbyuKuyiA k komhackchou aKcnoueume. 

/I^OKa3aTejibCTBO. OiiKcnpyeM npon3BOJibHoe z 0 E C \ {0}. H.OKa>KeM, t tto 

Lnz 0 C {w G € | e“ = z 0 }- (1.1) 

JlerKO BH^eTb, mto 

Vw 0 6 Ln zq = ln |z 0 | + i Argz 0 3 p 0 E Argz 0 : w 0 = In \zq\ + ip o- 

TaKHM o6pa30M, 

e m = e \n\z 0 \ e i Vo = ^ e i<po = Zo 

n, c.aeAOBaTe.abHO. cnpaBe^JiiiBO BKjiio T iei-rae (1.1). 

3IoKa>KeM. t ito 

Ln^o D {w G C | e w = z 0 }. (1.2) 

LlycTb wo yAOB.aeTBopaeT paBencTBy e w ° = zq h wo = £o + iVo- JlerKO Bii^eTb, hto 

e w ° = e^ 0 e ir>0 = e^° (cos 770 + i sin 770 ), 
z 0 = \z 0 \e lipo = \zq\ (cos <pq + % sin </?o), Po e Argz 0 - 

OTKyna no.nynnM, t ito 

\zo\ = e^°, cos 770 = cos p 0 , sin 770 = sin<^ 0 - (1.3) 

II 3 (1.3) c. ic iyci. t ito 

£0 = In \zq I, 770 = Po + 2nn, 
pjia HCKOToporo n E Z. TaKHM oSpasoM, 

wo = £0 + i-Vo = In \zo\ + ipo + 2nin E Ln^ 0 - □ 

1 06paTnaa <1>\ hkiih>i k BemecTBeniiosria^iHOH SKcnoHeiiTe. 
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1.3. IIoCJieflOBaTejIBHOCTH KOMIIJieKCHBIX HHCejI. 

Onpe^ejiemie 1.9 (Cxoflamaaca nocjie^OBaTejibHOCTb b C). IlocAedoeameAbHocmb { z n U3 
KOMHAeKCHUX uuceA Hasueawm CXodAlHeUCA, eCAll 

3a£C:Ve>03N = N(e) : V n > N \z n — a| < e. 

Upu amoM hucao a Hasueawm npedeAOM nocAedoeameAbnocmu {z n }™ =1 u ucnoAb3ywm o6o3Hauemie 

lim z n = a. 

n—>oo 

JleMMa 1.10. Ilycmb V n G N z n = x n + iy n , a e M u b e M. Tosda 

( lim z n = a + ib ) ( lim x n — a ) A ( lim y n — b) . 

\n—>oo / \n—>oo J \n—> oo / 

/IoKa3aTGJibCTBO. CaMOCToaTe.nbHO (flOKaaana Ha 1 -om Kvpce). □ 

TeopeMa 1.11 (OcriOBUbie CBofiCTBa cxo^anpixca noc.ne^OBaTe.nbiiocTeii b C). Ilycmb {z n }™ =1 u 
{Cn}n=i - cxodsityuecA nocAedoeameAbnocmu U3 komhackchux uuceA, lim z n — a u lim ( n = b. 

n—>oo n—>oo 

Tosda 

(1) lim (z n + ( n ) = a + b; 

n—>oc 

(2) lim (z n - Cn) = a-b; 

n—>oo 

(3) lim (z n • Cn) = a-b; 

n—> oo 

(4) nycmb donoAHumeAbuo b ^ 0 « V n 6 N ( n ^ 0, mosda lim ^ — t- 

n—>oo 0 

^OKa3aTejiBCTBO. CaMOCToaTe.nbHO (flOKaaaiia Ha 1-om Kvpce). □ 

Onpeflejiemie 1.12 (Oyn^aMenTajibHaa nocjieflOBa.TejibHOCTb b C). IlocAedoeameAbHocmb {z n }^ =1 
U3 KOMHAeKCHUX HuceA Ha3ueawm ftyndaMenmaAbHou, ecAU 

V £ > 0 3 N = N(e) : V n> N V k> N \z n - z k \ < e. 

TeopeMa 1.13 (KpuTepuu Korun cxoattmocttt nocue^OBaTeubHOCTH b C). Ilycmb {z n }^ =l - nocAe- 
doeameAbHocmb U3 komhackchux HuceA. Tosda 

{z n } - cxodmyaACA nocAedoeameAbnocmb {z n } - ^yndaMenmaAbHaa nocAedoeameAbnocmb. 
/^OKa3aTejiBCTBO. CaMOCToaTe.nbHO (flOKasaiia na 1 -om Kvpce). □ 

TeopeMa 1.14 (TeopeMa Eoubpario-BeuepniTpacca). Ilycmb {z n }™ = 1 - ospanuueHHaA nocAedoea- 
meAbHocmb U3 komhackchux uuceA. Tosda cyiyecmeyem nodnocAedoeameAbnocmb {z nj }°T 1 , cxodA- 
lyaACA e C. 

/IoKa3aTCJibCTBO. CaMOCTOUTeubHO (AOKasaHa BeipecTBermbix nocjie^OBaTejibirocTeii iia 1-om 
Kvpce). □ 

1.4. PacmnpeHHaa KOMiuieKCHaa iuiockoctb. 

Onpe^ejieHHe 1.15 (11 oc.n caob axeub hoctb cxoauttpiucu k oo). IlocAedoeameAbHocmb {^ n }^i U3 
KOMHAeKCHUX HuceA Hasueawm cxodttiyeucA k SecKOHeuHocmu, ecAU 

V R>0 3 N = N(R ) : V n> N \z n \ > R. 

Tlpu 3 hiom ucnoAb3ywm o6o3Haueuue 

lim z n = oo. 

n—>• oo 
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Onpe^ejieHne 1.16 (Pacnrapeiiiiaa KOMnjieKcnaa nnocKOCTb). Pacmupennou KOMUAeKcnou uaoc- 
KocvitK) Ha3ueawm Mnocncecmeo C = C U {oo}, nadeAennoe nonsimueM cxoduMocmu, cogAacno 
onpedeAenuHM 1.9 u 1.15. 

Onpe^ejieHHe 1.17 (CTepeorpac|)HHecKaa npoeKpna pi ccjjepa PiiMana). Ply emu 

• (x, y, t ) - Koopdunamu e M 3 ; 

• KOMUAeKcnaA nAOCKoemt) C omocncdecmeAena c nAOCKoerntw t = 0 e M 3 ; 

• S - c$epa e M 3 edunuunogo paduyca c yenmpoM e moHKe (0,0,1); 

• P = (0, 0, 2) - «ceeepnuu» uoawc na afiepe S; 

Cmepeogpa<fiu%ecKou npoenyueu pacmupennou KOMUAeKcnou nAOCKoemu C na afiepy S na3ueawm 
omodpacncenue euda 

(1) ak>6ou moHKe z = x + iy G C (nomopaii omocncdecmeAena c mouKou M = (x, y, 0) e M 3 ) cma- 
eumcA e coomeemcmeuu monna na afiepe S, Komopan Aecncum na nepeceuenuu ompe3Ka PM 
u npoKOAomou ccfiepu S \ {P}; 

(2) mouKe z = oo cmaeumcn, e coomeemcmeue «ceeepnuu» uoawc P crfiepu S. 

Cfjjepy S na3ueawm ccfiepou PuMana. 

TeopeMa 1.18 (KoMnaKTHOCTb pacmiipemiOH KOMnjieKCHOfi iuiockoctii). Pacwupennasi komhackc- 
ua,.H nAOCKoemt) KOMnanmna. /fpysuMU CAoeaMU, U3 aw>6ou decKoneunou nocAedoeameAunocmu e C 
Mocncno eudeAumt nodnocAedoeameAbnocmu cxodtiwu^ytocH e C. 

^OKa3aTejibCTBO. IlycTb {z n }%L 1 nocne^OBaTejibHOCTb b C. Ecjih noc.ne^OBaTe.nbHOCTb {z n }™ =l 
orpamiaena, to yTBepTK^eirae TeopeMbi c.ne^yeT 113 TeopeMbi 1.14. Ecjih ace nocjieji,OBaTejibHOCTb 
{zn}^= i HeorpaHHHena, to riafi^eTCH no/pioejieflOBaTejibHOCTb, cxoAyimaHCH k OecKOneaHOCTH. □ 

1.5. MHO^cecTBa Ha KOMnjieKCHoii njiocKOCTH. 

Onpe^ejieHHe 1.19 (OKpecTHOCTb tohkh b C). OupecmnocmbK) mouKU z 0 6C na3ueawm 

• (cAynau z 0 G C) Atodoe Mnocncecmeo, codepcncaiyee omKpumuu Kpyg euda {z \ \z — £ 0 | < r}, 
gde r > 0; 

• (cAynau z 0 = oo) Atodoe Mnocncecmeo, codepcncaiyee nodMnocncecmeo euda {z \ \z\ > R}, gde 
R > 0. 

1.20 (OOjiacTb). Mnocncecmeo mouen D na KOMUAeKcnou nAOCKoemu C na3ueawm 
eunoAnenu CAedymvyue ycAoeuA. 

• Otkpbitoctb: V*oGD3r>0:{z \z — Zq\ < r} <Z D . 

• JlnHeimaa cb33hoctb: dAA ak>6ux deyx moneK Mnocncecmea D naudemcn, AOManan ( nunuA, 
cocmoAtyaA 113 noneunogo uucAa npAMOAuneunux ompe3Koe), coedunAwu^aA omu mouKU, u 
yeAUKOM npunadAecncavyaA D. 

Onpe^ejieHHe 1.21 (Ppanima oOjiacTPi). Mnocncecmeo monen dD na KOMUAeKcnou nAOCKoemu C 
na3ueaiom gpanuyeu, odAacmu D, ecAU eunoAnenu CAedymiyue ycAoeun,. 

• dD fl D = 0. 

• V zo G dD V r > 0 eepno, umo {z | \z — zo\ < r} fl D ^ 0. 

Onpe^ejieHHe 1.22 (3aMbiKapme oO.nacTii). Mnocncecmeo moueu D = D U dD na3ueawm 3aMU- 
uanueM odAacmu D. 


OnpeflejieHHe 

odAacmbH), ecAU 
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Onpeflejiemie 1.23 (OflHOCBa3Haa oSnacTb). OztpanuuennaA o6jiacmb D na3ueaemcA odnoceA3- 
hou, ecAU ee gpanuya dD ceA3na. 

Cesi3Hocrm> spanuyu dD 03Hauaem, umo ne cyiu,ecmeyem omKpumux Mnocncecme A u B rnanux, 
umo 

dD c A U B, dD <£_ A, dD <£B, A n B = 0 . 

1.6. HenpeptiBHbie cJjyHKipiH KOMiuieKCHoii nepeMeHHoft. 

Onpeflejiemie 1.24 (Oymopm KOMnjieKCHoii nepeMeHHofi). (pynKyueu KOMnAencnou nepeMennou 
Ha3ueaemcA odH03HauHoe omoSpacncenue euda f : D —» C, ede D cC. 

Odno3naunocmb omo6pa r jtcenuA f 03nauaem, umo 

V z E D 3 \ w E C : w = f(z). 

Onpeflejiemie 1.25 (llpefle.ii cJivhkhhh kom n ji e k c h o fi nepeMeHHofi). Tlycmb f - gbynnyuA kom- 
nAeKCHoil nepeMennou, onpedeAennaa e npoKOAomou OKpecmnocmu mouKU zq. Bucao a G C na3u- 
eatom npedeAOM (ftynuyun f e mouKe z 0 , ecAU 

Ve>035>0 : (0 < |z — z 0 | < 5 =>• \f(z) — a\ < e). 

TIpu amoM nuxuym 

lim f(z) = a. 

z—>z 0 

1.26 (HenpepbiBHOCTb (JjyHKflHH KOMnjieKCHofi nepeMeHHofi). JAycm/h D - oSAacmb 
e C u 3adana cfiyuKyuA KOMnAencnou nepeMennou f : D —* C. 

• OynKyuA f na3ueaemcA nenpepuenou e moune z 0 G D, ecAU 2 

Ve>035>0 : (\z - z 0 \ < 5 \f(z) - f(z 0 )\ < e). 

• (PyuKyuA f na3ueaemcA nenpepuenou e e oSAacmu D, ecAU ona nenpepuena e Kaatcdou 
mouKe o6Aacmu D. 

o Mnocncecmeo ecex nenpepuenux (fjynKyuu KOMnAencnou nepeMennou e o6Aacmu D o6o3na- 
uatom uepe3 C(D). 

TeopeMa 1.27 (HeoSxoflHMoe h flocTaTomioe ycjiOBiie nenpepbiBHOCTH cJiyhkhhh KOMnjieKCHofi ne¬ 
peMeHHofi). Ilycmb 

• D - oSAacmb e C; 

• f '■ D —y C; 

• nycmb u u v - eeu^ecmeennaA u mhumoa uacmu fiyuKyuu f, m. e. 

W z = x + iy £ D f(z) = u(x, y) + iv(x, y), 

ede u u v - eemecmeennosnaHHue cfiynKyuu deyx eeiyecmeennux nepeMennux; 

• z 0 = x 0 + iy 0 e D. 

Toeda eepno, umo 

f nenpepuena e mouKe zq <=> u u v nenpepuenu e moune (xo,yo). 

^OKa3aTejiBCTBO. HeoSxoflHMOCTB (=>•). BbiSepeM nponsBo.nbHoe e > 0. II 3 nenpepbiBHOCTH / b 
TOMK e /~o c.neflyeT, hto HafifleTCH 5 > 0 Taxoe, hto 

\z Zq\ < S ==► \f(z) - f(zo)\ < £. 

2 3to ycjiOBiie mojkho 3aMemiTb Ha cjie^yromee f(zo) = lim f(z). 


OnpeflejieHHe 
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SaMeTIlM, MTO 

\z - z 0 \ = \/(x - x 0 ) 2 + (y - y 0 ) 2 . 

CjieflOBaTe>nbHO, 

\z-zq\< 6 => \u(x,y)-u(x 0 ,y 0 )\ ^ \f(z) - f(z 0 )\ < e, 

\z Zq\ < 5 => \v(x,y)-v(x 0 ,y 0 )\ ^\f(z) - f(z 0 )\ < e. 

OTCiofla cxe/ryex. t ito (|)vhkii,I'Iii u h v i-ienpepbiBHbi b TOHKe (xo,yo)- 

^OGTaTOHHOCTb (<s=). Bbi6epeM npoii3BOJibnoe £ > 0. H 3 nenpepbiBHOCTii u 11 v nenpepbiBHbi b 
to t ik6 (xo,yo) c.xenyeT. hto HaH,n;yTca < 5 i > 0 TaKoe, t ito 

\z Zq\ < 8\ => \u{x,y) - u(x 0 ,y 0 )\ < 

h S 2 > 0 TaKoe, MTO 

£ 

\z~z 0 \<5 2 => \v(x,y)—v{x 0 ,yo)\ <-. 

Ilojiaraa S = min(<5i,<5 2 ) > 0, nojiyniiM, t ito 

\z -z 0 \<S => | f{z) - f(zo)\ ^ | u(x,y) - u(x 0 ,y 0 ) \ + | v(x,y) - v(x 0 ,y 0 )\ < e. □ 

3aMenaHHe 1.28. B danuneumeM, mu ecezda SydeM npednoMizamb, urno 3anuct> f = u + iv 03na- 
naem, nmo u u v - eeiuficmeeHnan u mhumcih uacmu tfiyHKyuu f coomeemcmeeuno. 
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A. A. noacapcKHil 


2 . PeryjiapHbie <J>yHKii,HH 


2.1. /^HcJjcJjepeHii;HpyeMbie cJjyHKpHH KOMiuieKCHOH nepeMeHHOH. HanoMHiiM, mto mm Beme- 
CT B (' IITT O 3 TI a T T11T >1X (})V IIKTIIIli U H V ABVX BOTTIOCTBeTITTBTX nepeMeilHbIX ^HcjKjiepeHpHpyeMOCTB (b CMbICJie 
BeinecTBeniioro aHajiH3a) b TonKe (x, y ) 03nanaeT, hto 

3 a, b e M. : u{x + h x ,y + h y ) = u(x, y) + ah x + bh y + o(h x ) + o(h y ), 

3 a, f3 G R. : u(a; + h x , y + h y ) = ?/) + ah x + f3h y + o(/le) + o(/i J/ ) 

npn M 3 h x —y 0 h M 9 h y —> 0. OTCio^a, ymiTbiBan, hto (Jivhkiihk) KOMnjieKcnon nepeMeiraoii 
mojkho 3amicaTb b Billie f — u + iv, nojiynnM 

f{z + h ) = u(x + h x , y + hy) + iv(x + h x ,y + /r. y ) = 

= ?/) + iv(x, y) + (a + + (6 + + o(h x ) + o(/i y ) = 

= f(z ) + Al/i + Bh + o(h), 
r^e z = x + iy, h — h x + ih y n 


A = 


la 


b + i/3 
2 i ’ 


B = 


a + ia b + i/3 

2 ' 


Onpe^ejieHne 2.1 (^ncjicjiepeiiiiHpyeMOCTb b CMbicjie BemecTBeimoro aHajiH3a). Ilycmb D - 06 - 
jiacm'b e C, z E D u f : D —* C. 

loaop.ftm, umo f du$$epeHyupyeMa e CMUCAe eevyecmeennozo auanu3a e mouKe z, ecAU 

3 A, B G C : f(z + h) = f(z) + Ah + Bh + o(/i) 

npu C 9 /i A 0. 


Onpe^ejieHne 2.2 (/^ii^cjiepeHiiHpyeMOCTb b CMbicjie KOMn.neKCiioro ana.nH3a). Ilycmb D 

■ C. 


06- 


Aacmb e C, z 0 £ D u f : D 

loGopnrn, umo f dutfitfiepeuyupyeMa e CMUCAe KOMnAencHoeo anaAU3a e moune z, ecAU 

3 A e C : f(z + h) = f(z) + Ah + o(h ) 

npu C 3 h —* 0. 

Onpe/iejieHHe 2.3 (lIpoH3BOHHaa b CMbicjie KOMiuieKCHoro aHajiH3a). Ilycmb D - ohAacmb e C, 


zeD u f :D —> C. 

IIpou36odHou e CMUCAe KOMnAeKCHOso aHCLAU3a $ynnyuu f e mouKe z HCL3U6awm npedeA (ecAU 
oh cyuiecmeyem) 

f{z + h) - f(z) 


lim 

h-> o 


h 


Komopuu, o6o3HauaK>m cumgoaom f'(z). 

TeopeMa 2.4 (HeoSxoipiMoe h nocTaToanoe ycjiOBiie ;iTi(l)(l)('peiiiiiipyexrocTii ([lyTiKiiiiii b CMbicjie 
KOMn.neKCiioro anajiH3a). Ilycmb D - ohAacmb e C, z <E D u f : D —* C. Tosda eepno, umo 
f dutfitfiepeuyupyeMa e mouue z f UMeem npouseodnyw e moune z. 


/^OKa3aTejiBCTBO. Heo6xoniiMOCTb 


lim = 0. llycTb A : f(z + h) = f(z) + Ah + o(h) npn h —> 0, Tor^a 


H 3 onpeAe.ieiiiiiT o(h) c.nenyeT, t tto cymecTByeT npene.n 


h ->0 


,,. . .. f(z + h) — f(z) o(h) 

f (z) = lim —-f = A + lim AA = A. 

h—>o h h-> o h 


( 2 . 1 ) 
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m = 


^ocTaTOMHOCTb (<^=). Hs Toro, hto D - o6jiacTb cjie^yeT, mto 3 a > 0 : {£ | |<C — z\ < ct} C D. 

PaCCMOTpHM (JayHKIJHK) 

^ z+h ' ) -^ z '> — f'(z) npn 0 < \h\ < a, 

0 npn h — 0. 

/Jjia saBepnieniiii noKa3a t e.i bctB a AOCTaTO T TTio AOKasaTb. hto lim 8(h) = 0. II 3 cymecTBOBaHiia 

h —>0 

npoH3BO/i,HOH (|)yiTKTT.iTii / b i o T iKe ^ cjie,n;yeT, T no 

Ve>03<5>0: ^0 c \h\ < 8 ==>- \/3(h)\ = 

3aMenaHHe 2.5. H 3 (2.1) cAedyem, umo A = f(z). 


f(z + h) - f(z) 


h 


- m 


< £ 


□ 


TeopeMa 2.6 (ycjiOBiia Konm-PiiMana). Tlycmb D - o6nacmb e C, z — (x, y) E D u f — u + iv : 
D —> C. /(a.h moso urrio6u tpyuKyuA f 6 uacl ducfjcfjepenyupyeMa e cMucae KOMruiencHoeo anaAU3a 
e monue z, neoSxoduMO u docmamouHO eunoAuenuA cnedytoiyux deyx ycAoeuu. 

(1) OyHKyuu u u v du$$epeHyupyeMU e CMUcAe eeiyecmeennozo <maAU3a e moune (x,y). 

(2) B monue (x,y) eunoAHAwmcA ycAoeuA Komu-PuMaua 

du dv du dv 

dx dy ’ dy dx 

TIpu amoM cnpaeedAuea tfiopMyAa euda 

, _ du(x,y) .dv{x,y) _ dv(x,y) _ . du(x,y) 

dx 1 dx dy dy 

(1) Cjie^yeT 113 mothbiipobkii k onpeflejiemiK) 2.1. 


^OKa3aTejibCTBO. HeoSxcypiMOCTb (= 

(2) IPs onpefle.nerma 2.2 11 3aMeaarma 2.5 c.ae/iyeT, t ito 

f(z + h) = f(z) + f(z)h + o(h), C 3 h —> 0. 

llojiaraa h = 8 E R b paBeiiCTBe (2.2), n 0 . 3 y bum 

u(x + 8, y) + iv(x + 8, y) = u{x, y) + iv(x, y) + f{z)8 + 0(8), 

u(x + 8,y) — u(x, y) , ,v(x + 8,y) - v(x,y) _ 

^ +® ^ ~ J \ z ) + 

llepexo^a k npe,n,ejiy npn 5 -3 0 b paBeiiCTBe (2.3) nojiyanM, t ito 

_ du(x,y) . dv(x,y) 

dx dx 

.Hajiee. no.naraa h = iS, r^e 5 E M, b paBeiiCTBe (2.2), nojiyaiiM 

u(x, y + 8) + iv(x, y + 8) = u(x, y) + iv(x, y) + f'{z)i8 + 0(8), 

u(x,y + 8)-u(x,y) v(x, y + 8) - v{x, y) , 

- = f(z) + o(l). 


( 2 . 2 ) 

(2.3) 

(2.4) 


+ 


i8 8 

llepexo^a k npe^ejiy npn 5 a 0 b paBeiiCTBe (2.5) nojiyanM, t ito 

_ dv(x,y) _ , du(x,y) 
dy 1 dy 

CpaBHHBaa npaBbie aacTH b paBeiiCTBax (2.4) 11 (2.6), nojiyaiiM, mto 

du(x,y ) dv(x,y ) du(x,y ) dv(x,y ) 


(2.5) 

( 2 . 6 ) 


dx 


dy 


dy 


dx 
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A. A. noacapcKiift 


^OCTaTOHHOCTb (<=). IIs MOTHBHpOBKH K Onpefle.IieHHK) 2.1 II ^IIcJlcJiepeHIlHpyeMOCTH (JiyHKpHH u 
hub TOHKe (a:, y) c.ne^yeT, hto 

3 A, B G C : f(z + h ) = f(z) + Ah + Bh + o(h ) (2.7) 

npn C 9 h —> 0. 

no.naraa /i = i5 6 1 b (2.7) nojiynHM 

/(2 + 5) = /(z)+A5 + B<5 + o(<5), 


.4 + B = 1(2 + S) ~ /(Z) + o(l) = U{X ±Mr U(x - g) + , V{X ±MZ ») + o( i), (2, 8) 

5 5 5 

riepexo^n k npe,a;ejiy npn 5 —» 0 b paBeriCTBe (2.8) nojiymiM, hto 

ax ax 

IIojiaraH h = i5 , r^e <5 G M, b (2.7) nojiymiM 

f(z + 5) = f(z) + — Bi5 + o(5), 


i g = f(z + £) - f(z) | = «(s, £/ + <?) -u(x,y) | x(x,i/ + ^)-x(x,i/) | , _ 1Q . 

i5 i5 5 

llepexo^H k npe^ejiy npn <5 —» 0 b paBencTBe (2.10) h, ymiTbiBaa ycjiOBiin Koiira-PiiMaiia, nojiymiM, 

HTO 


.du(x,y) dv(x,y) _ .dv(x,y) du{x,y) 

— I j — —X —- H - - — X —- H - 


dy dy 

CpaBHHBaa (2.9) h (2.11) nojiymiM, hto 


dx 


dx 


( 2 . 11 ) 


A = dui.x,y) + . av{.x,y) ' B = 0 D 


dx 


dx 


TeopeMa 2.7 (OcHOBHbie npaBiuia fliKjxJiepemiHpoBaiiHH cJiyuKipm KOMn.neKCHOH nepeMemion). 

(1) fug dufxfepeuyupyeMU e z G C =>■ {f(z) + g(z))' = f'(z ) + g'(z). 

(2) / u g dufxfepeuyupigeMU ezGC=^ (f(z) - g(z))' = f\z ) - g'(z). 

(3) fug duffepenyupyeMU e*GC =£- (/ ■ g)'(z) = f{z)g{z) + f(z)g'(z). 

(4) fug dufxfepeuyupyeMU e z G C u g(z) 0 ==> (z) = / ^ . 

(5) / dutffepeuyupyeMa e z G C, g dufufepeuyupyeMa e mouKe f(z) G C =>■ KOMno3uyun 
( g o /) dufufepeuyupyeMa e mouKe z, npuneM ( g o f)'(z) = g'(f(z)) ■ f(z). 


/IoKa3aTe.7ibCTBO. CaMOCTOHTe.nbiio (no aHajionra c aok ai at e.i b ctbo aHanoniHiibix TeopeM o atk])- 
4)epei-iii,HpoBariHH cJryHKHHH BemecTBeiiHoii nepeMenHon). □ 

2.8 (Pery.nnpuaH cJiynKpim). Ylycmb D - o6jiacrm> eC u f : D —> C. Pyunyuio f 
ua3ueawm pezyAfipuou e o6,aacrnu D, ecAU oua duffepeuyupyeMa e CMUcAe KOMUAeKcuoso auanu3a 
e Kacncdou moune ohnacmu D. 

Muocncecmeo fyuKyuu pesyAApuux e ohnacmu D o6o3HauaK>m uepe3 H(D). 


Onpe/i,ejieHHe 
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2.2. 3jieMeHTapHt>ie cJjyHKipiH. HanoMHHM HeKOTOpnie cbohctbs, a thkiko onpeneneHiin icMeii- 
Tapubix (jjyiiKiuTii. AOKaBaHHbie n c^opMy.nnpoBaHHbie na 1-om Kypce. 

TeopeMa 2.9 (CBoiicTBa KOMn.ieKCHon SKcnoneHTbi). 

(1) VzGCVCeC e z+ < = e z ■ 

p 

(2) V p G Z + cnpaeedAuea oyenua e z = fy + 0(z p+1 ) npu z — > 0. 

n=0 


yXoKaaaTCJibCTBO. Be3 AOKaiaTe.ibCTna (yoKaaaHa na 1-om Kypce). □ 

Onpe^ejieHne 2.10 (rnnepSojinnecKne cjiynKinm). /J.m ak)6ozo zgC zunepSoAunecKue cunyc u 
Kocumjc onpedeAenu paeeHcmeaMU 


shz = 


ch z = 


e z + e 


2 2 

TeopeMa 2.11 (yliic^cjiepeHinipoBai-rae sjieMeiiTapHbix (JiviiKpiiii KOMn.ieKCHon nepeMemiofi). 

(1) V n G N z n G H(C), ( z n )' = nz n_1 . 

(2) e 2 G H{ C), (e 2 )' — e z . 

(3) sin z G %( C), (sin;?)' = cos ;?. 

(4) cos;? G 'H(C), (cos;?)' = — sin 2 ;. 

(5) shz G "H(C), (shz)' = ch?;. 

(6) ch z G C), (ch,?)' = shz. 

/loKaaaTCJibCTBO. (1) II 3 onpe^eneinm nponsBO/nion c/ioicd. mto ajm jnoSoro z G C BepHO, t ito 


z n Y = lim 


(z + h) n - z n z + nz 1 h + 0 (h 2 ) — z . x . x 

-- - -= Inn----—--= Inn (nz 11 1 + 0 (h)) = nz n . 

h->0 h h->0 h h ->0 v ' 


(2) II 3 cbohctb k 0 m n. a e k c h 0 h SKcnoneiiTbi e.ienyeT. t ito jnoOoro zgC Bepno, t ito 


z+h _ c z c z c h _ 0 z e h — \ 


e -T.. _ e * e e - er 

” = inn- ; -= inn- ; -= e inn 


21 . l + h + 0(h 2 ) -1 
= e“ Inn--A—-= e" 

h —>-0 iX h —^0 /i 


h —>-0 /i h —>-0 h 

(3) H 3 oiipe.ie. leium 1.4 n TeopeMbi 2.7 e.ienyeT. t ito ajm jnohoro z G C Bepno, t tto 


Sill ^ = 


2 i 


= 2 iU eiz y-(e- iz y)=^A ieiz + ie ~ iz )= 


e lz + e 


2 i 


= cos;?. 


(4) III onpe^e.ieHiin 1.4 n TeopeMbi 2.7 e.ienyeT. hto a. m jiiohoro z G C Bepno, t tto 


(COS3)' = (A±£Z) = \ ((«“)' + (c-*')') = l (A 4 - ie^) = 


e — e 
2i~ 


= — sinz. 


(5) III onpeAe.ieHnn 2.10 11 TeopeMbi 2.7 C-ienyeT. hto a. m ,no6oro zgC Bepno, t ito 


(ch A = (y ~^—) = \ ((cl' - (c- 4 )') = \ (c 4 + e-‘) = 


e z + e" 


= COS2. 


(6) Hi onpeAe.ieHiin 2.10 11 TeopeMbi 2.7 c.ieAyeT. ato AJin moSoro zgC Bepno, t ito 


(ch zY = 


e 2 + e 


= o((c 4 )'+(c- 4 )') = A' 


■) = 


= sh z. □ 


3aMenaHHe 2.12. JJoKa3ameAbcmeo meopeMU 2.11 mochcho npoeodumb c noMoipbU) npoeepuu ycAO- 
euu Komu-PuMcma, cm. meopeMy 2.6. 
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A. A. IlOiKapCKHH 


2.3. BoccTaHOBjieHne peryjinpHon cjayHKipiH no ee BeipecTBeHHon (mhhmoh) nacTH. 

Onpe^ejieHne 2.13 (rapMOHnnecKaa c|yyHKii;HH). (Pyii,K'u/a.H u : D — > M Hci3ueaemcH sapMomiue- 
ckou e odAacmu D C M 2 , ecAU e amou odAacmu eunoAneno paeencmeo A u = 0, sde 

d 2 u d 2 u 
U dx 2 dy 2 ' 

TeopeMa 2.14 (rapMOHHHHOCTb BemecTBerraoH h mhhmoh nacTii peryjiapHOH cJiyriKpi-m). Ilycmb D 
- odnacmb e C, f = u + iv G 'H(D) u u,v e C 2 (D). Tozda u u v - zapMonunecnue gbynKyuu e 
o6Aacmu D. 

AtoKaaaTCJibCTBO. Hi vcjiobhh KomH-PiiMaHa cae/iyeT. t ito 


d (du 


d (du 


d (dv\ d (dv\ 


- tt: yr: + ~ zzz \ zzz _ yr - yr: — 


dx \dxJ dy \dyJ dx \dyJ dy \dx) 


d (dv 


d (dv 


d (du\ d (du\ 


Ay — 7— 7— + 7— 7— — —7— 7— + 7— 7— — 0. □ 


dx \dxJ dy \dyJ dx \dyJ dy \dxJ 

HanoMHHM c.JieAyiomne TeopeMbi. 

TeopeMa 2.15 (<DopMy.ua Fpiina). Ilycmb 

• D - odnoceA3naA o6Aacmb e M 2 c Kycouno-snadKou zpanuyeu dD; 

• upueatt dD opuenmupoeana e noAootcumeAbnoM HcmpaeAemm; 

• P e C\D) n C(D), Q e C\D) n C(D). 

Tosda cnpaeedAuea (fiopMyAa rpima 

'dQ(x, y) dP(x,y) 


P(x, y) dx + Q(x, y) dy = 


dx 


dy 


dx dy. 


dD D 

yXoKa3aTejibCTBO. Bes AOKaiaTejibCTBa (;ioK;:naria na 2-om Kypce). □ 

TeopeMa 2.16 (He3aBHCHMOCTb KpiiBOJiimeHiioro HHTerpajia 2-ro po^a ot nyrn HriTerpiipoBairaa). 
Ilycmb 

• D - odnOC6H3H(lH olAMCnib M 2 / 

• P e C\D), Q e C\D) 

• (xi,yi) e D, (x 2 ,y 2 ) e D; 

• 7 - KycoHHO-SAaduciA Kpuean e D, coeduHAWiyan moHKii (x\,yi) u (. x 2 ,y 2 )■ 

Tosda cnpaeedAueu CAedywtyue ymeepotcdenuA. 

• KpueoAuneunuu, unmeepan 2-eo poda 

[ P(x,y)dx + Q(x,y)dy 


ne 3aeucum om eudopa Kpueou 7 , coedunAwu^eu mouKU (xi,yi) u (x 2 ,y 2 ), mosda u moAbKO 
mosda, Kosda e odAacmu D eunoAneno ycAoeue 


dQ(x, y) dP(x, y) 


dx 


dy 


( 2 . 12 ) 
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Ilycmb eunoAHeno ycAoeue (2.12), mozda 

\ 

= P(x,y)dx + Q(x,y) dy. 
^OKa3aTejii>CTBO. Be3 flOKa3aTenbCTBa (flOKa3aHa iia 2-om Kypce). □ 



( {x,y) 

\ 

d 

/ 

P(x,y) dx + Q(x,y ) dy 


t/ 

y(ii,a;2) 

/ 


2.17 (BoccTanoBjieime perynapHon (Jjyhkiihh no ee BeiflecTBennon nacTii). Ilycmb D - 
odHOC6H3HaH odnacmb u u - zapMOHUuecKccfl, (fiyHKyuA e o6aclcviu D. Tozda cyiyecmeyem zapMouu- 
uecKatt (fiyHKyutt v e odAacmu D maKan, umo f = u + iv - pezyAHpuaH (fiyuKyuA e odnacmu D. 


TeopeMa 


,ZI(oKa3aTejii>CTBO. yin a flOKa3aTejibCTBa TeopeMbi, riaM floeraTOHHO npeflT>aBHTb aBHoe Bbipanceniie 
fl.na (JiyriKflHH v n npoBepiiTb, nTO no.nyneimaa TaniiM o6pasoM (JiyHKflHa / SyfleT perynapria b 
oSnacTH D. J\rsi Toro htoSm yzadamb npeflCTaBjienne flna v, Mbi npeflnonooKHM, hto cjiymcfliia v 
cymeci’ByeT. llocjie Toro nan Mbi rionymiM aBHoe Bbipaacenne flna (jmiKTiTTTi v Mbi cmookcm rianaTb 
ece chclhclacl , t. e. 3a6biTb o tom Kan HMeimo Mbi Hainan npeflCTaBjiemie fl.ua v. HaM ocTaneTca jinnib 
npoBepiiTb, hto yraflamioe Bbipaaceiine fl.ua v yflOBjieTBopaeT Tpe6oBannaM TeopeMbi. 

IlTan, npeflno.ioaaiM. hto Tpe6yeMaa (jmiKTinn v cym;ecTByeT. Torfla ns ycflOBnn Koinn-PiiMana 
noaynnM, hto 


dv 


dv 

— dx + 



du 

dy 


dx + 



(2.13) 


riycTb Tenepb (cco, yo) - nenoTopaa Tonna b oSnacTH D n 7 - nenoTopaa Kpimaa coeflimaioiflaa tohkii 
(x 0 ,y 0 ) n (x,y). Torfla 113 (2.13) cjieflyeT, hto 


v(x,y ) - v(x 0 ,y 0 ) 


Mi,y) di + du(^y) dij 


dy 


dx 


(2.14) 


3aMeTHM, hto KpiiBoaniieniibiH ntiTerpan 2-ro pofla b cjiopMyjie (2.14) KoppeKTiio onpefleneH annib b 
cnny Haniero npeflnojiooKeiraa, hto (JjyHKiina v cyni;ecTByeT. B nacTHOCTn, H3 stoto npeflnojiOHvemia 
cneflveT, hto HHTerpan b (2.14) ne 3aBnciiT nyTii HiiTerpiipoBanna 7 . 

ylcTio, hto (JiopMyna (2.14) Bee emo ne npnroflHa fl.na BOCCTanoBaenna ([atiktutit v H3-3a naanniia 
CJiaraeMoro Biifla v(xo,yo). YnnTbiBaa, hto cnaraeMoe v(xo,yo) ne 3aBncnT ot x ii y, 3aMemiM ero 
Ha npoii3BO.Tbnyio nocToarmyio. OKOHnaTejibHO, (JiopMyna (2.14) mookct 6bitb nepenncaHa b BHfle 

»(*.»)=/--+ + (2.15) 

7 


rfle C - HenoTopaa nocToamiaa. 

^OKaaceM Tenepb, hto cjiopMyna (2.15) KoppeKTiio onpeflenaeT HenoTopyio (JiyHKflHio v b oSaacTH 
D. yin a stoto npoBepnM yc.noBiia TeopeMbi 2.16. JlerKO BiifleTb, hto 


du dP d 2 u 

dy ’ dy dy 2 ’ 


du dQ d 2 u 
dx ’ dx dx 2 ' 


OTCiOfla ii 113 rapMOHHHiiocTH ([)\tikiutti u c.neflyeT, hto ^ Tan mm o6pa30M, b cnny Teo¬ 

peMbi 2.16 HHTerpan b cjiopMvne (2.15) He 3aBncnT ot nyra HHTerpnpoBaHHH n, cneflOBaTenbHO, 
(JiyHKflHH v KoppeKTiio onpefleneHa b ofmaeiii D. 
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II 3 TeopeMbi 2.16 11 (JiopMyjibi (2.15) nojiymiM, mto 

d v (x v) = Su(x ' v) dx + Bu(x ' y) dv 

UjUyjj , y j 11 y . 

ay ox 

C .1 e.iORai'ejibHO. b (Kj.iaciTT D BbinojinniOTca ycjiOBiia Konm-PiiMaHa 

dv(x,y) du(x,y ) dv(x,y) du(x,y ) 


dx dy 

11 (J)yHKiiHa / = u + iv peryjinpna b oS.nacTii D. 


dy 


dx 


TeopeMa 2.18 (BoccTaHOBjierrae peryjiapHon (JiyHKpHH no ee miiiimoh naerii). Ilycmb D - odno- 
c6tt3Hdfi o6,nacrm> u v - eapMommecKasi (fiyuKyun e oSAacmu D. Tosda cyu^ecmeyem sapMonuuecKasi 
cfiyuKyuA u e olAacmu D maKan, umo f = u + iv - pezyAApnan (fiynKyuA e olAacmu D. 

,HoKa3aTejibCTBO. CaMOCTonTejibHO. □ 

2.4. OSpaTHMOCTb peryjiapHoii c^ymcpiiH. 

TeopeMa 2.19 (TeopeMa 06 o 6 paTiion cjiyiiKipin). Ilycmb 

• D - OKpecmnocmb mouKU ( x 0 ,y 0 ) G M 2 ; 

• F G C l (D, M 2 ); 

• F'(xo,y 0 ) - oIpamuMciA 2x2 Mampuya. 

Toeda cyu^ecmeywm OKpecmnocmb U C D mouKU (xo, yo ) u OKpecmnocmb V C M 2 
( ao,/3o ) = F(xo,yo) manue, umo 

(1) F : U -A- V - oIpamuMoe omolpaotcenue; 

(2) F~ l G C\V); 

(3 )1 (a,f))£V (F~')'( a ,P) = \F'(x, l , i 

(*,»)=*-■(«,» 

^OKa 3 aTejibCTBO. Be 3 ^OKasaTejibCTBa (^onasaHa 11 a 1 -om nypce). □ 


mouKU 


1—1 


TeopeMa 2.20 (,I(ocTaTonHoe ycjiOBne oSparaMOCTH perynnpiion c^yriKpun). Ilycmb 

• D - olAacmb e C; 

• / e n(D); 

• f(-o) 7^ 0, sde ^0 e D. 

Toeda cyiyecmeytom OKpecmnocmb U C D mouKU zq u OKpecmnocmb V mourn wo = f(z 0 ) mciKue, 
umo 

(1) f : U —> V - oIpamuMoe omolpaotcenue; 

(2) r 1 g Hiy); 

(3) v w e y (/ _1 )'H = 77^) 

J v > z=g{w) 

/](OKa3aTejIBCTBO. OSpaTIlMOCTb (JiyHKpHH / = U + iv B OKpeCTHOCTPI TOnKH Zq = Xq T *7/0 SKBIlBa 
.neHTiia oSpaTHMOCTH OTo6panvenim rui/ia 


F : 


M(X,7/) 

v(x,y) 


B OKpeCTHOCTIl TOnKH (xQ,yo). JlerKO BH^eTb, 3TO 


f du(x,y) du(x,y )' 
dx dy 


V (x,y) G D F'(x, y) = ( dv d £ y) d J(l y) ] . 

dx dy 
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II 3 vcjtobhh KoniH-PiiMaiia c. ie. i.ye r. mto 

du(x, y ) dv(x, y ) du(x, y) dv(x, y) 


det F'(x,y) = 


dx 


dy 


dy 


dx 


du(x, y) 
dx 


+ 


dv(x,y) 
dx 


(2,16) 


Tenepb 113 (2.16), vcjiobim /'(z 0 ) ^ 0 h 113 TeopeMbi 2.6 cue. Tver. mto det F'(x 0 , y 0 ) ^ 0. TaioiM 
odpasoM, MaTpmia F'(xo,yo) odpa.THMa 11 mm motkcm BOcnoabiOBaTbca TeopeMoii 2.19. 

II 3 TeopeMbi 2.19 c. ic lyc r. mto cyniecTByex OKpecTHOCTb V C M 2 tomkii (a 0 , f3 0 ) = F(x 0 ,y 0 ) 
'raKaa. t ito F : U —>• V - odpaxiiMoe OTof)pa>KeHiie. npinieM b OKpecTiiocTii U MaTpiipa F'(x,y) 
TaiQKe odpaTiiMa. OTCio^a, nojiynaeM, hto OTo6pa>KeHne / : U V odpaTiiMO 11 /pin Jiiodoro z G U 
Bepno, t tto f '{ z ) 7^ 0. 06o3iia T iHM o6pa,THoe OTodpaoKemie k / T iepe3 g . 

PaccMOTpiiM n poM'! b o.ibHyio tohkv W\ G V h nojiooKHM Z\ = g(w i) G U. Il'i ,n;H<J)<J)epeHii;HpyeMoeTH 
(JiyHKpHH / B TOHKe Z\ nOJIVHIIM, T ITO 


f(z) = f(zi) + f(zi)(z - Zi) + o(z - 2i) npn Z->Z!. 


Ilojiaraa w = f(z), noayniiM. hto 

w = w 1 + f(z 1 )(g(w) ^g(w 1 ))+o(g(w)-’g(w 1 )) npn w ->■ w u 

w -wi = (g(w)-g(w 1 ))(f'(zi) + o(l)) npii w ->■ wi, 

1 g(w)-g(w i) , . 

———t— = - npn w -A u)i. 2.17 

/'(-i) + o(l) w-wi 

I Iepexo/w k npe/ieny npn w —> w\ b paBeriCTBe (2.17) nonymiM. mto g ^iKji^epeimHpyeMa b tohkb w\, 
npnneM 


g'{w 1 ) = 


/'(*0 


□ 


TeopeMa 2.21 (^H<|)(|)epeHii;HpoBaHHe JiorapiicjiMa b CMbicne KOMnjieKCHoro aHamna). IJycmb 

• Zq G C \ {0}; 

• U - docmamoHHO mclacla OKpecmnocmb mouKU z 0 (ne codepotcau^an Hyjisi); 

• Inz - npomeoAbnaA pesyAApnaA eemet> mhozo3ho,hho 20 omoSpaomenuA Ln z e U. 

Tosda 

V z G U (ln z)' — - . 


/doKaaaTejibCTBO. Us TeopeMbi 1.8 (odpaTiian cjiyiiKpiia k KOMnaeKCHofl SKcnoneiiTe) caenyeT, t ito 
ln z - odpaTHaa ([lyiiKTiiin k SKcnonenTe. OTcro^a n H3 TeopeM 2.20 (flOCTaTonnoe ycaoBiie oOpaTii- 
moctii pery.napHon (jiyiiKiuni) n 2.11 (71,11 (Jx^epeimupoBamie a. leMeurapubix ([lyiiKTiiiii KOMnaeKCHOii 
nepeMenHofi) caenyeT, mto 


V 2 G U (lnz)' 


1 

(1 e w y 


u»=ln z 


1 


e w 


w=ln z 


1 

z 


. □ 
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3. MHTerpnpoBaHHe peryjiapHbix (jiymopm 

3.1. KpiiBOJiHHeHHbiii iiHTerpaji cJjyHKpnH KOMiuieiccHOH nepeMeHHofi. 

3.1 (KpHBOjiHHeHHbifi HHTerpaji (J)vhkiihh KOMn.neKCHoii nepeMeHHofl b/io.ib r.na^- 
Koro KOHTypa). Ilycmb 

• D - o6Aacrm> e C; 

• / G C(D); 

• 7 - SAaduaA opueumupoeauHaA KpueaA e D; 

• omodpacHcenue ( : [a, b] —» C 3adaem ZAadnyio 
eou 7 c ynemoM opueumayuu. 

KpueoAuneilHUM immeepctAOM om (fiyuKyuu f edoAb 

b 

I f(z)dz= I f(((t))('(t)dt. 

7 a 

TeopeMa 3.2. Ilycmb eunoAnenu npednoAOCHcemiA e onpedeAeuuu 3.1. Tozda 


napaMempu3av,uio (m. e. ( G C^fa, b\) npu- 
Konmypa 7 Ha3ueamm hucao 


Onpe^ejieHHe 


J l(z)dz 


« J I/Ml dl. 


^OKa3aTejiBCTBO. no onpe/i,ejieHHK) KpHBOJiHHenHbix HHTerpajiOB 1-ro h 2-ro po^a HMeeM 


J f(z) dz 


b 


a 


f(C(t))C(t) dt 



\fm)\\c(t)\dt 


j I/Ml dl.D 


3.2. HHTerpajiBHaa TeopeMa Koiiih. 

3.3 (IIiiTerpajibiiaa TeopeMa Korun). Ilycmb 

• D - odHOC6M3Haa odAacmb e C; 

• / G H(D); 

• 7 - (npou360AbHaA) opuenmupoeaHHaA KycoHHO-ZAadKaA 3aMKnymaA KpueaA e D. 

Tozda 

f(z) dz = 0. 

7 

/])0Ka3aTejiBCTB0. npoBO^HTb flOKasaTejibCTBO TeopeMbi 6y,n;eM b flonojiriHTejibnoM npe^no.nojKe- 
hhh, hto npon3B07Haa c];)yHKii;HH / nenpepbiBHa b D (/' e C(D)). 

B cjiyaae ecjin KpirBaa 7 hmcct caMonepeceaemra, ee mo>kho npe^CTaBiiTb b BH,n;e oGT-e^HHeHira 
KpiiBbix He coflepjKamirx caMonepeceneHira. nosTOMy 6e3 orpamiHeHira o 6 hi;hocth mojkho caiiTaTb, 
hto KpirBaa 7 He HMeeT caMonepeceHemiH. 

BBe^eM o6o3HaHeiiiiH f — u + iv, z — x + iy h int 7 - BriyipemiocTb kphboh 7 . Be3 orpaiiiiHeHHH 
o 6 ih;hocth mojkho CHHTaTb, hto KpiiBaa 7 opueHTiipoBaiia b nojioJKHTejibHOM HanpaBjieHHH. JlerKO 


TeopeMa 
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BimeTb, T 1T0 


f(z) dz = ® (u(x, y ) + iv(x, y)^j (dx + idy ) = 


= j) u(x,y) dx — v(x,y) dy + i j) v(x,y) dx + u(x,y) dy. (3.1) 

7 7 

Il3 OAHOCBH iHOciH oSjiacTH I) c.ienyeT. uto i 1 it 7 c D. OTCima h H3 ycjiOBnn f e C(D) nojiyunM, 
uto u G C 1 (int 7 ) D (^(inty) n v E C^inty) D C(int 7 ). 

Cjie^OBaTejibHO, k HHTerpajiaM, ctou ttt um b (3.1), motkho npnMeHHTb cjiopMyjiy Tpima (cm. Teo- 
peMy 2.15). Hcnojib3ya cjropMyjiy FpiiHa h ycjiOBnn Komii-PiiMaHa, nojiyunM 

dv(x,y) du(x,y) 


u(x, y) dx — v(x, y ) dy = 


dx 


dy 


int 7 


v(x, y) dx + u(x, y) dy = 


du(x,y) dv(x,y) 
dx dy 


dx dy = 0 , 


dx dy = 0 . 


7 int 7 

OTCfO^a, npHHHMaa bo BHHMarine (3.1), nojiyunM TpeSyeMoe v tb ep>Kne h ne. □ 


3aMenaHHe 3.4. IJpu doKa3ameAbcmee meopeMu mu npednoAootcuAu, umo npou3eodnaA (jjyuK/yuu 
f nenpepueua e D. B deucmeumeAbHocmu, doKa3ameAbcmeo mochcho npoeecmu 6e3 amoso npedno- 
AOCHcemiA. 


TeopeMa 3.5 (Heo6xo,n,HMOCTb ycjroBnn o,h,hocbh3hocth oSjiacTH b HHTerpajibHon TeopeMe Korun). 
TeopeMa 3.3 (HumespaAbnaA meopeMa Komu) 6e3 ycAoeuA odHoc6A3Hocmu o6.mcmu D AeAAemcA 
HeeepHoti. 


/IoKa3aTejibCTBO. r Tiu noKa iaTe.ibCTBa Aaiinoro v tb ep>K7ie h n n nocTpouM KOHTpnpuMep. PaccMOT- 
puM oSjiacTb Z) = | 1 < |^r| < 3}, uoiiTyp 7 = {z | \z\ = 2}, opiieiiTupoBaHiibiH npoTHB uacoBon 

CTpejiKH, u cJiyuKipiio f(z) = 7. JlerKO Bn/ieTb, uto oSjiacTb D He nBjineTcn oahocbushoh, 7 - opneH- 
THpoBaimau nauKaa 3 a mkh vTan KpriBan b I), a (^vtiktijiu / peryjinpua b oSjiacTH D. TauiiM o6pa30M, 
Bbino.TiiieHbi Bee ycjiOBua TeopeMbi Korun 3 a HCKjnoueHneM ycjiOBnn 06 o/ihocbushocth oSjiacTH D. 
3aBepnienna ^OKasaTejibCTBa bmuhcjium HHTerpaji 


jf(z) dz 



z = 2e i{p ,ipE ( 0 , 2 tt) 



3.6 (TeopeMa Korun 0 ue3aBHCHMOCTn 3HaueHnn nuTerpajia ot 
hhh). Ilycmb 

• D - odHOC6A3Ha,A o6,aacrn,b e C; 

• / e U{D); 

• 7i u 72 - opuenmupoeaHHue KycouHO-SAadnue npueue e D; 

• Kpueue 71 u 72 UMetom odiyee nauaAo; 

• upueue 71 u 72 UMetom of>w;au Kouey. 

Tosda 

J f( z ) dz = I f(z) dz. 


TeopeMa 


2?r 

J i dip = 2iri 7 ^ 0 . □ 

0 

KoriTypa HHTerpnpoBa- 


71 


72 
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/HOKa3aTCJIbCTBO. PaCCMOTpilM SaMKHVTblH KOHTyp r = 7! U 72 - OpneHTaipiKJ Ha r Sa^aATTM TaK, 
hto 6 m KOHTyp 71 npoxo^Hjica b nojioJKHTe.TBHOM HanpaB.iieHHH, a 72 - b OTpnpaTejibHOM. IIs Teope- 
mbi 3.3 (HHTerpa.nbHaa TeopeMa Kohih) nonyHiiM, hto 


f(z) dz = 0. 


OxcKJAa. yHHTbiBan, hto 


f(z) dz — / f(z) dz — / f(z) dz 


71 


72 


nojiyHHM TpeSveMoe y tb ep>K,ae hit e. □ 


TeopeMa 3.7 (IlriTerpajibiiaa TeopeMa Ivohih ,h,jih HHTerpajia no rpaHiipe oo.iac'ni perynapHOCTH 
cjiyHKHyra). IJycrnb 

• D - ogpanunennaA odnoceA3naA odAacmu e C; 

• fen{D)nC(D); 

• gpanuya 7 odAacmu D mAsiemcsi opuenmupoeannou, nyconno-gAadnou saMnnymou npueou. 
Togda 

(j f(z ) dz = 0. 


n^ea ^OKa 3 aTejibCTBa. IlycTb y £ - opneHTHpoBaHHaa k y c 0 h h 0 - r. a a/T k a a 3aMKiiyTaa KpiiBaa, pac- 
no.Taraiomaaca peniiKOM b 06.3acTii D h 7;ocTaTOHHO 6 jiH 3 Kaa k kphboh 7. TpySo roBopa, mbi 6y^eM 
CHHTaTb, HTO npH £ —> 0 KpTT BaH y £ B III) 1X0 I'/I III PM CMbI C .36 CTpeMIITCH K KpHBOH 7. (hdO/ia II 113 
nenpepbiBiiocTH cjiy iikiihit / b oSnacTH D Rn.aoTb 70 rpamiiibi 7 mo>kho AOKaaaTb. hto 


lim <j) f(z) dz = (f) f(z) dz. 


(3.2) 


7e 7 

Tax KaK KOHTyp y £ peniiKOM jieTKHT b ofinacTii D, to hs TeopeMbi 3.3 (IiHTerpajibHaa TeopeMa 
Kohih) c.ne^yeT, hto 

r 

f(z) dz = 0. (3.3) 


7e 


II3 (3.2) 11 (3.3) c. ie/iye r Heofixo/piMoe yTBepacfleHHe. □ 


Onpe^ejieHHe 3.8 (IIojiOiKHTejibHO opueHTiipoBaHriaa KpiiBaa). TTycme npueaa 7 npunadAeotcum 
gpanuye odnacmu D (nanpuMep, npueue 71 , 72 u 73 na pucynne 1 ). 

roeopAm, umo npuean 7 noAocucumeAbno opuenmupoeana omnocumeAuno odnacmu D, ecAU eu- 
noAHeno odno U3 deyx CAedymyux ycAoeuu. 

(1) TIpu odxode edoAb npueou 7 e uanpaeAenuu aadannoM opuenmayueu odAacmu D, ocmaemcA 
CAeea om npueou 3 (npueue 71 u 72 ua pucyune 1 ). 

(2) y npueou 7 eudeAeuo dea «6epega» (doAee mouno, dea oneeMUAApa npueou r y). TIpu odxode 
edoAb nacHcdogo U3 «6epegoe» npueou 7 e uanpaeAenuu 3adannoM opuenmayueu, cnpaea om 
dannogo «6epega» pacnoAagaemcA emopou «6epeg» npueou, a CAeea om nego - odAacmu D 
(npueasi 73 na pucynne 1 ). 

3 AT hi no3BOJiiiM ce6e i-ie o6cyjKflaTb Bonpocbi, CBsaaHHbie c opiieHTaniieii ko.vui. ikkciioh imockocth. Tpy6o roBopa, 
Mbi 6y^,eM CHHTaTb, HTO Mbi BCe Bp0MH CMOTpi-IM Ha KOMiMC’KniVK) njIOCKOCTb C OflHOI! H TOH >Ke C.TOpOHbl. 
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TeopeMa 3.9 (HirrerpajibHaa TeopeMa Kornii aan m h o r o c b hi hoti oS.aacTii). IJycrnb 


• D - ospaHunenncM o 6 jiacmb e C; 

• fen{D) n C(D); 

• spamiya 7 (mhosoc 6 A 3 hou) o 6 nacmu D cocmoum 113 KOHennoso hucaci nonapuo ne nepeceua- 
foipuxcA KycouHO-SAadKux 30 MKHymux Kpueux 71, 72, •.7 n ; 

• Kpueue 71, 72, ..7 n noAootcumeAbHO opuenmupoeanu omnocumeAbHO odAacmu D. 


Tozda 



0 . 


/^OKa3aTejiBCTBO. npOBeneM b o6jiacra D apno.nHHTejibHbie raaaKiie KpiiBbie T 1 . r 2 , ..r n _i Tax, 
hto6bi HOBaa ofj.aacTb 

n — 1 

d* = d \ 1J r fc 

k= 1 

OKasa.aacb ot;hocb5I3hoh (cm. phcvhok 2). 3aaaaiTM na KpiiBbix 1 1 . r 2 , .. Y n _ x no.JionaiTejjbHyio 




Piic. 1. 06.aa.CTb D m>i ae. icua cepbiM npeTOM. Piic. 2. 06.Jia.CTb D ni>iae. icua cepbiM iibctom. 


oprif'HTaiuiio OTHOCiiTe.nbHO o 6 jiacTH D t . B 9tom c.aynae rpanrma 06 .Jia.CTi 1 D t OKa>KCTCH noaoaai- 
Te.iibHO opneHTHpoBaHHOH. IIpHMeHaa TeopeMy 3.3 (IIi-iTerpajibiiaa TeopeMa Konrn) k ((jvhkiitth / h 
o 6 .nacTH D * no.ayniiM, hto 

n „ n — 1 „ 

'£ff(z)dz + J2ff(z)dz = 0. (3.4) 

k=1 l k=l i 

3aMeTiiM Tenepb, hto Kaayaasi 113 KpiiBbix T k HMeeT no apa 6epera n ra;e k — 1,.. ., ( n — 1), ko- 
Topbie opneHTiipoBaHbi b np oth b 0noa0 >kh?>t x nanpaBaeininx. YanTbiBaa, hto iriaaeiiiiH ((jvhktitttt / 
C0Bnaa;ai0T na o6onx 6epera,x KpiiBbix T 1. ..r„_i (caeayeT H3 nenpepbiBHOCTii c]iy iiktitt n / b o6.aa- 
cth D). noavaiiM. hto TTHTerpaaw coceamiM 6eperaM Kaaiaoii n3 KpiiBbix r 1, ..T n _i OTannaiOTca 
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jTiinib snaKOM (b chav npoTHBono.noiKHOH opneHTapHH coce^Hnx SeperoB). C.neAOBaTe.nbHO, 



Ms (3.4) h (3.5) c.ne^yeT y tb ep> ka e hit e TeopeMbi. □ 

3.3. IIepBOo6pa3Haa peryjiapHOH cj)y hkphh. 

TeopeMa 3.10 (CymecTBOBaiiiie nepBOoSpasinoH peryjiapHOH (])YiiKTuni). Ilycmb 

• D - odHocemnaH o6Aacmb e C; 

• fen(D). 

Tosda f UMeem nepeoo6pa,3Hyw e o6juicmu D. EoAee monno, 

3 F e n{D) : V zeD F\z) = f(z). 

/HoKaaaTCJibCTBO. 3a<J)iiKCiipyeM iieKOTopvio tohkv zo b oS.nacTii D n paccMOTpiiM (|)vhkii;ttkj btt/ta 

Z 

VzGD F(z)= f (3.6) 

ZQ 

Us TeopeMbi 3.6 cjie^yeT, t ito SHanem/e HHTerpajia. b tjpopMyjie (3.6) ne saBiicHT ot BbiSopa KOHTypa 
HHTerpnpoBaHHa. IIosTOMy <J>opMy.na (3.6) KoppeKTuo oiipe. i.e. imct (})VHKiuno F. npnaeM b HHTerpa.ne 
flOCTaTOHHO o6o3HaaaTb mnbKO Haaa.no (z 0 ) h Koneu, (z) KOHTypa HHTerpnpoBaHHH. 

Mm a ao teasaxe.nb ct Ba toto, hto F' = f b o6.nac.TH I). BOcno.nbsyeMca onpe.ne.neHHeM npoH3BOAHOii. 
fPiiKCiipyeM npoH3BO.nbHoe £ > 0. I Is nenpepbiBiiocTH (jiynKniTii / b tohkb z c.ie. ivei. aTO iiaii;ieTca 
5 > 0 TaKoe, aTO 

|C-2|<<S ==► 1/(0 ~ f(z)\ < £• 

Manee. a^th ,nio6oro h e C Ta.Koro, aTO \h\ < 5 Beprio, aTO 

z+h z-\-h z+h 

F{: + ll l- F{:] - m = \ J no< k~IJ mn = \ J(no - no )<k . 

z z z 

SaMeTHM, aTO (fn'HKruin F onpeAe.neria b OKpecTiiocTii tohkh z. ('. icMonare. ibiio. mookho caiiTaTb, 
aTO noc.neAHHfi HHTerpa.n BbiaHc.naeTca no npHMOJiHHeimoMy OTpesKy, cue. umaiomcMy tohkh z ii 
z + h. C.neAOBaTe.nbHO, 

z-\-h z+h 

F{: + h l~ m - /w| 3 jl / |/(C) - J(z)\Al < A / <fl = , □ 

2 : z 

TeopeMa 3.11 (06 ihhm biia nepBOo6pa3Hofi pery.napriOH <J>yHKii;HH). Ilycmb 

• D - 0dH0C6A3HClA oSAacmb 6 C; 

• / e H(D); 

• Fi u F -2 - nepeoo6pa3Hue fiyuKyim f e oSAacmu D. 

Toeda 


3 C eC : V zeD Fi(z) - F 2 (z) = C. 
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/^OKa3aTejn>CTBO. PaccMOTpiiM (jiyiiKipiio F — F\ — F 2 . 06o3naaHM ee BeinecTBemiyio 11 MHHMyio 
aacTii aepe3 u h v cooTBeTCTBemio. Ms ycjiOBiia TeopeMbi cne^yeT, hto 


V zeD F\z) = F[{z) - F'(z) = f(z) - f(z) = 0. 


OTCio^a h H3 TeopeMbi 2.6 c.ne^yeT, hto 

du(x,y ) 


V (x, y) ED 


du(x,y) dv(x,y) dv(x,y) 


dx 


dy 


dx 


dy 


= 0. 


OTCKXTa II 113 CBOHCTB TTJ)(JIT 3 B (J,TIIOM BOTTICCTBCTTTTOH ([)YTTKTUTTT nO.Iiy T IIIM, HTO (})VTTKTUTTT U II V nOCTO- 
aimbi b oSjiacTii I). a c.ienoBaTe.3bTio h (Jjvttktitth F TaK>Ke nocToairaa b o6.iacTii I). □ 


3.12 (OopMy.ua HbiOTOHa-JlefiSHHpa). IIycrm> 

• D - odHocefi3Hatt o6,nacrm> e C; 

• / e n(D); 

• F - nepeoo6pa3H(M i $ yHKyuu f e o6Aacmu D. 

Tosda 

Z2 

V Zi eDW z 2 ED J f(z) dz = F(z 2 ) - F( Zl ). 

Z1 

^OKa3aTejiBCTBO. II 3 TeopeM 3.10 n 3.11 cjienyeT, hto 

Z 

3CeC:VzeD F{z) = J f(()d( + C. (3.7) 

Zl 

nojiaraa z = Z\ b paBeHCTBe (3.7) nojiynHM, hto C = F(z\). HaKOiieip nojiaraa z = z 2 b paBeH- 
CTBe (3.7) nojiyaiiM TpeOyeMoe yTBepa^eiine. □ 


TeopeMa 


3.4. HHTerpajiBHaa cJxipMyjia Kornn. 

3.13 (HHTerpajiBHaa cjjopMyjia Kohih). IJycrrib 

• D - ogpcmuHennaA oduocemHaH o6jiacrm> e C; 

• / e n(D); 

• 7 - KycouHO-zjiadKaA 3aMKHyman 6e3 caMonepeceuemiu npuean e D; 

• Kpuean 7 nonoMcumejibHO opueumupoeaua omnocumejibHO enympenHocmu into'. 

Tosda 

V 2 e int7 = 

7 


TeopeMa 


^OKa3aTejiBCTBO. nycTb KoriTyp c r = {£ | |£ — z\ = r} nojiOTKHTejibno opueiiTiipoBaH OTHOCiiTejibiio 
CBoefi BHyTpeHHOCTH. n P H AOCTaTOHTio Majibix r 0 k py >kh 0 c tb c r npiiHaflJieavHT o6jiacTH D (nycTb, 
fljia onpe/jejieHHOCTH. c r C D npn r ^ r 0 ). H 3 TeopeMbi 3.9 cjie^yeT, hto 


1 

2ni 


/ 


7 


/(C) 

C-z 


d( 



/(C) 

C-z 


d( 




C-p 


/(C) - f(z) 
C-z 


d(. 


(3.8) 


npoaHajiH3HpyeM Ka>K;ibi ii hs HHTerpajiOB ctohttittx b npaBofi nacTH (3.8). 
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A. A. noacapcKiift 


JlerKO Bii^eTb, hto 

J_//W dc = A^ 

2ni J ( — z 2ni J ( — z 


d( = 


C = z + re 19 , ip G (0, 27r) 


2 n 

f(z) t ire lv 
2ni / re iip 


— d(p = f(z). (3.9) 


Ils ;TTi(l)())('peTiiuipyeM()C r riT (Jatiktuitt / b Tonne z c.ie/iyeT. hto cymecTByeT nocToairaan C Tanaa, 

HTO 

/(C) - f(z) 


|C -z\ ^ r o 

C.neflOBaTejibiio, ,zi;jih jiioOoto r ^ r 0 BepHO, hto 


1 

27T7 


/(C) - /(g) 

C-z 


d( 


C r 


1 

< — 
2tt 


c-* 

/(C) - f(z) 


C-z 


€ c. 


dl (£dl = Cr. 
2t tJ 

C r 


(3,10) 


ITepexo^a k npe^ejiy npn r —» 0 b (3.10) nojiynnM, hto 

/(C) - f(z) 


lim- 

i >o 27 ri 


C-z 


dC = 0 . 


(3.11) 


3aM6TiiM Tenepb, hto nriTerpaji b jieBon aacTii paBeHCTBa (3.8) He 3aBnciiT ot r. llepexo^H k 
npe^e.ny npn r —> 0 b (3.8) h, ynnTbiBaa (3.9) h (3.11), nojiyniiM, hto 

i /^« = /(*>■□ 


TeopeMa 3.14 (IIiiTerpajibiiaa (JoopMyaa Kohih 7.1 a HHTerpajia no rpanupe oO.iacTTi peryjiapHOCTn 
(JiyHKpHn). Ilycrn/b 

• D - odHOC 6 tt 3 Hasi odjiacmb e C; 

• / G H(D) nC(D); 

• spanuya 7 odnacmu D ABAAemcn Kycouno-ZAadKou 3 aMKuymou npueou, noAootcumeAbHo opu- 
enmupoeaHHou omnocumeAbHO D. 

Tosda 

'W = 2 

7 

H^ea flOKa3aTejibCTBa. CaMOCToaTejibiio (no anaaornn c ,a;oKa3aTejibCTBOM TeopeMbi 3.7). □ 


3.15 (TeopeMa 0 cpe^HeM ,zyiH peryjiapiibix (^yHKpnn). Ilycmb 

• D - orrmpurnuu npys paduyca r > 0 c yeumpoM e monne z e C; 
./6H(0)nC(0); 

Tozda 

27T 

/(*) = ^ J f( z + re%v ) dip. 


TeopeMa 


0 























JIEKIIHH no METO^AM MATEMATn T -TECK()H DH3HKH (5 CEMECTP) 


25 


/^OKa3aTejii>CTBO. IlycTb 7 - okpjokhoctb pa^nyca r c peHTpoM b tohkb z, opHenTiipoBaHiiaa b 
nojiOiKHTejiBHOM HanpaBjieHHH OTHOCHTejibHO Kpyra D. H 3 TeopeMbi 3.14 c.ienyeT. hto 


/(*) 



/(C) 

C-z 


d( 


( = z + re l ' p , ip G (0, 27r) 


1 

27T 


2t r 

J f(z + re*^) □ 

0 


1 

2717 


f(z + re lv ) . 


rpglCp 


-ire 


up 


dip = 


TeopeMa 3.16 (TeopeMa 0 cpe^HeM 7 Jia rapMOHiiaecKiix (jyyHKpHfi). Ilycmb 

• D - omKpumuu upys paduyca r > 0 c yenmpoM e monue z G C; 

• u G C 2 (D) nC(D); 

• A u = 0 e odAacmu D. 

Toeda 


2k 

u(z ) — — f u(z + re lv ) dip. 
27r J 
0 


^OKa3aTejibCTBO. Ha TeopeMbi 2.17 c.aenyeT. hto Hafi,n;eTca rapMOHiiaecKaa cJiyHKana v b oSaacTH I) 
Taicaa, hto f = u + iv £ H(D). OTCio^a h 113 TeopeMbi 3.15 cjie^yeT, t ito 


2-k 

VpG (0,r) f(z) = ±Jf(z + pe'*)dip. (3.12) 

0 

Ottgjihh BemecTBeHHyio nacTb b paBeiiCTBe (3.12), h, nepexo^a k npe/^ejiy npn p —* r, nojiyniiM 
Tpe6yeMoe yTBepjK^einie. □ 


TeopeMa 3.17 (MHTerpajibHaa (jaopMyjia Koniii 7 . 11 a MHorocBa3Hofi ofiaacTii). Ilycmb 

• D - ozpaHUHeHHdti o6,nacrnb e C; 

• fen(D)nc(D); 

• spanuya 7 ofmacrnu D cocmoum U3 kohchhoso hucacl nonapuo ne nepecena/ioty uxc.h Kycouno- 
SAadKux 3aMKHymux npueux 71 , 72 , ..7 n ; 

• k pueue 71, 72, ..7 n noAocncumeAbuo opuenmupoeanu omnocumeAbHO odAacmu D. 

Tozda 


1 


v " eB /( *-) = ^-E 


fc=i 


/(C) 

C-2 


<*C- 


7fe 


/^OKa3aTejiBCTBO. CaMOCToaTeabHO (no anaaornii c flOKaaaTe.nbCTBOM TeopeMbi 3.9). □ 


3.5. PaBHOMepHaa cxo^hmoctb. 

3.18 (PaBHOMepHaa cxo^hmoctb cjiyiiKuyioiiajibHOH nocaeflOBaTeabiiocTii). Ilycmb 

• D - MHOcncecmeo e C; 

• {fn}%Li - nocAedoeameAbHocmb K0MnAeKCH03HauHux (fiyHKyuu ua D; 

roeop.nrn, umo nocAedoeameAbHocmb {f n }™ =1 paenoMepno cxodumcA k (fkjHKyuu f ua of>Aacmu D, 
ecAU 

Ve>0 3A>0 : (z G D) A (n > N) ==► \f n (z) - f(z)\ < e. 


Onpe^ejieHne 
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A. A. nojKapGKiiit 


TeopeMa 3.19 (lIpe+e.T paBnoMepno cxohhttut+'h nocHe+OBaTe.TbHOCTH nenpepbiBHbix (JiyuKiniii). 
llycmb 

• D - o 6 Aacmt> uau Kycov.no-SAadKaA Kpuean e C; 

• V n e N f n e C(D); 

• nocAedoeameAbHocmb {f n }™ =1 paenoMepno cxodumcsi k ifiyuKyim f na o 6 Aacmu D. 

Tosda f E C(D). 


/JoKaaaTejibCTBO. IlycTb ;j 0 e I) it e > 0 . Us paBHOMepnoii cxo+hmoctii nocjie+OBaTe.TbHOCTii 
{/n}^= i c. HViyer. hto na hamt-it peN Taxon, hto 

VzeD | f( z )-f p (z)\< £ - ( 3 . 13 ) 

Us HenpepbiBHOCTii (jiynKinni f p b to 1 !kb z 0 e. k\tvci. hto na h/k'tcm 5 > 0 Taxoe, hto 7.37 ,mo 6 oro 
Z G D Bepno, HTO 

\z-zo \<6 =+ \f p (z) - fp{zo)\ < ( 3 . 14 ) 

Hs ( 3 . 13 ) h ( 3 . 14 ) c.Te/iyeT. hto 777 juo 6 oro z € D Taxoro, hto \z — z 0 \ < 5 , cnpaBepyniBa on;eHKa 

I /(+> - f(z o)| < I f{z) - fp(z )I + | f p (z) - fp(zo)\ + \fp(z 0 ) - f(zo)\ <1 + 1 + 1 = e. □ 


TeopeMa 3.20 (npe+e.Jibiibm nepexo+ no+ 3 naxoM HHTerpajia 777 <j)y hktijtoh a.Tb hi>ix noc.iie+OBa- 
Te.nbHOCTeii). llycmb 

• 7 - Konevnan KycoHHO- 2 AadnaA Kpuean e C; 

• V n e N f n e C (7) ; 

• nocAedoeameAbHocmb {f n }n Li paenoMepno cxodumcA k ifiyuKyim f na Kpueou 7. 


Tosda 


lim 

n—> 00 


fn(z )^ 


7 


J f(z) dz. 


y^OKaaaTCJibCTBO. IlycTb e > 0 n L 1. imia xpiiBoii 7. II3 paBHOMepnofi cxo+hmoctii noc.ne+OBa- 
Te.nbHOCTii {f n }^Li cjie+yeT, hto naii+eTcn N > 0 Taxoe, hto 

Mze^Mn>N \f{z)-f p (z)\ < ^r. 

Cjie+OBaTejibiio, pyia jnoOoro n 7 N Taxoro, hto n > N cnpaBe+niiBa oijeuxa 


J f n {z)dz 

7 


Jf(z) dz 


< J \fn(z) - f(z)\dl ^ - J dl 

7 7 


e. □ 


Onpe^ejieHne 3.21 (PaBHOMepribiii npe+en ceMefiCTBa, cjyyHxiuiM). llycmb 

• D - MHOCHcecmeo e C; 

• U - OKpecmnocmb mom a 0 € C; 

• / - K0MnAeKCH03HauHaH fiyHKyuA na D x U ; 

Toeopttm, vmo f(z, a) cmpeMumcA npu a -A a 0 k fiyHKyuu f(z, a 0 ) paenoMepno omnocumeAbno z 
na MHOCHcecmee D, ecAU 

V e > 0 3 <5 > 0 : (z G H) A (|a — a 0 | < S) => \f(z,a) — f(z,a 0 )\<£. 


TeopeMa 3.22 (lIpe+ejibHbiH nepexo^ noa 31-iaKOM iniTerpana 7.713 ceMefiCTBa ^yHKipnfi). llycmb 
• 7 - Kycouno-SAadnaA npuean e C; 
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• U - OKpecrrmocmb mouKU a 0 E C; 

• V a E U /(-, a) E C{ 7); 

• f(z,a ) cmpeMumcH npu a —> ao k (pyuKyuu f(z,ao) paenoMepno onmocumeAbHO z na Kpu- 
eou 7. 


Tosda 



f(z, a) dz 


I f (z, a 0 ) dz. 

7 


/^OKa 3 aTejn>CTBO. CaMOCTOHTe.iibHO (no ananornn c ^OKasaTejiBCTBOM TeopeM 3.19 n 3 . 20 ). □ 


3.6. OopMyjia Koiiih ,a;jia npoH3BOflHbix peryjiapHoft c|jy hkiphh. 


3.23 (OopMy.ua Komn /yia nponsBO^Hbix peryjiapnon (JryHKipra). IJycrm> 

• D - ozpaHUHeHHan o 6 ,nacrnb e C; 

. fEn(D)nc(D); 

• zpanuya 7 o 6 ,n,acrnu D cocmoum U 3 KOHennoso hucjui KycouHO-ZAadKux 3 aMKHymux npueux, 
noAOCHCumeAbHO opuenmupoeanHux onmocumeAbHO odAacmu D. 

Tosda f - decKoneuno dutfifiepenyupyeMa e D , npuueM 


TeopeMa 


V nENV z E D f( n \z) 



/(C) 

(C - £)" +1 


d(. 


(3.15) 


,ZI(oKa 3 aTejiBCTBO. /IpKaaceM <J>opMyjiy (3.15) npn n — 1. llycTb z E D n U - OKpecraocTb tohkh 
z xaxaa, hto U C D. Ms TeopeMbi 3.17 cjie/iyeT, mto 


f(z + h)~ f(z) 
h 



/(0 

C - z-h 


m \ 

c-z) 


d( 



no 

(C - -)(C -z-h) 


dO 


(3.16) 


r,n;e h E C Taxoe, hto z + h E U. 3aMeTiiM Tenepb, hto c^yriKipia j—^ crpeMHTca npn h —> 0 k 
(J iyHKpnH D— paBHOMepHO OTHOCPiTe.nbHO ( na kphboh 7. ( )TCio;r,a n H 3 TeopeMbi 3.22 c.ienyeT. t ito b 

S z 

paBeHCTBe (3.16) cnpaBe/yniB npe^ejibiibin nepexo ,7 npn h —> 0 it 07 3HaK0M HHTerpa.ua. B pe3y.TbTaTe 
nojiynHM, HTO 


no 



/(C) 

(c - *) 2 


d(. 


/tajibiieHinee flOicasaTejibCTBO npoBe^eM no hh7vkii;hh. IlycTb cjiopMyjia (3.15) BepHa npn n = p. 
/loKaxceM, hto ona BepHa npn n — p + 1. ITpn U 3 h 0 Bepno, hto 


Q p \z + h) - f {p \z) _ p\ r if /(C) 

h 2iri J h \(C — z — h)P +1 


7 

p! / /(C) (C - z) p+1 - (C-z- h) p+l 
2m J h (( — z — Ii)p +1 (( — z)p +1 

7 



(P + !) ! 
27 ri 



((-z) p + 0(h) 

(C-z- h) p+1 (C - z) p+1 


7 


dC- 


no \ 

(c-z) p +n 


d( = 


no (p+m-z) p h+o(h 2 ) 

h (( — z — h)P +1 ( C — z)p +1 


(3.17) 
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A. A. ITcK/KapcKiiit 


Ms TeopeMbi 3.22 cjiepyep t tto b (JiopMyjie (3.17) B03Mo:»ceii npepejibHbm nepexop npn h —>■ 0 nop 
3H&KOM HHTerpajia. CpepoBaTejibHO, 

/<*»(*) = lim / W (^ + ^)-/ W M = lim (P±P / /(c) (C^iZ+0(h) = 

/i-s-o h h-> 0 27 TZ J (( — Z — h)P +1 — z ) p+1 


(p + 1)! ^/(C) lim (C - + 0(/i) 


27ri 


fc->o (C — * — h)P +1 (C — z)p +1 


d( = 


(P+ !)! 


/(C) 


27ri / (C — z) p+2 

7 


dC □ 


TeopeMa 3.24 (TeopeMa JlnyBiijuin). Tlycrnb 


• / G H(C); 

• 3 C > 0 : V^gC |/(^)| < C. 

Tozda f - nocmoHHuasi (fiyHKyufi e C. 

^OKa3aTejibCTBO. llycTb z - npoH3BOJibiiaa Tonica b C h - OKpyjKHOCTb papiiyca R c penTpoM 
b Tonne z. Torpa 113 TeopeMbi 3.23 cjiepyep t ito 


\m\ < - 


d i< c 


di = ~. 
2 ttR 2 T R 


(3.18) 


2vr J |C - z\ 2 

7 R 1R 

llepexopn k npepepy npn R — * 00 b nepaBeHCTBe (3.18) nojiymiM, hto \f'(z)\ ^ 0 n, cnepoBaTejibHO, 

V z G C f(z) = 0. 

OTCiopa h H3 ([)op\fy.iT>i HbK>TOHa-iIen6Hnpa nojiymiM, hto 


V Zi G C V z 2 G C /(^ 2 ) — f(zi) = / f(z ) dz = 0. □ 
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TeopeMa 3.25 (OGoSipemiaa TeopeMa JlnyBHjuia). Uycmb 

• / G H(C); 

• 3 C > 0 3 nGff : VzGC \f(z)\ ^ C'(|^| n + 1). 

Tozda f - noAUHOM cmenenu ue euuie n. 

,ZI(oKa3aTejibCTBO. llycTb z - npon3BOPbHaa TOHKa b C it 7 /? onpyaaiocTb papiiyca R > |^| c 
penTpoM b TOMKe z. Torpa H3 TeopeMbi 3.23 cjiepyep hto 


I f(n+l) / ) I < ( n+1 ) ! 

|J [ 2tt J \(-z\ n + 2 

7 R 

C(n + 1)\ 


dl ^ C j n + y d) (icr + 1) dl = 


2nR n + 2 


7 R 


Z + (C - z)\ n + 1 ) dl ^ J' 2’ (f) (\z\ + R + 1 ) n dl < 


2nR n+2 / Vl v yi ' 2nR n+2 

7J? 7.R 

7iJ 


Ilepexopa k npepepy npn i? —> 00 b nocpepHeM nepaBeHCTBe nopyrniM, hto 

V z e C f( n+1 \z) = 0. 
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Oxc-io/ia pi H3 cJ)OpMy.iT>i I lTxoTona-. If'HOTiiTTia nojiy T PHM, t tto V z G C 

Z 

/(»>(.) = /<»>((>) + // (n+1) (C)dC = / w (0), 

0 

z z 

f {n ~ l \z) = / (n_1) (0) + [ / (n) (C) d( = / (n_1) (0) + [ / (n) (0)dC = / (n_1) (0) + / (n) (0)z J 


fWrn'i 

/(*) = /(0) + /'(O)* + ... + 4-Of □ 


(n- 1) 

3.7. ^ocTaTOHHbie ycjiOBHa peryjiapHOCTH. 


nl 


TeopeMa 3.26 (TeopeMa Mopepbi). Flycmb 

• D - odnoceH3HaH o6,n,acrm> e C; 

• / G C(D); 

• 3a.h jiw6ou KycoHHO-sjiadKou 3aMKuymou Kpueou e D eepno, umo f f(z)dz = 0. 

7 

Tosda feH{D). 

/^OKa3aTejII>CTBO. PaCCMOTpiIM (JiyHKflHIO 

z 

VzeD F(z) = j /(c) dC, (3.19) 

za 

me ;„’o - HPKOTOpaa (])iTKCiipOBaiiTiaa TOHKa b o6.xacTii D. M 3 ycflOBHH TeopeMbi c.ie/iyeT. hto HHTerpaji 
b (JiopMyjie (3.19) He 3aBiiciiT ot BbiSopa KOiiTypa iiiiTerpippoBarma. C .3 eflOB ax e ji b h 0 , (JiyHKflHH F 
ofliiosHaHiio onpene.ieTTa b oGjiacni D. 

^OKaaceM Tenepb, hto F' — f b o6nacTH D. (PiPKcnpyeM npoii3BOJibiioe e > 0. M 3 iienpepbiBHOCTii 
(])yiTKTuiiT / b TOHKe z cne/iyex. hto iiaiLxeTCH 5 > 0 TaKoe, hto 

|C — ^| < 5 ==► 1/(0 - f(z)\ < e. 

OaJiee, fl.ua ,nio6oro h G C TaKoro, hto h < 6 Bepno, hto 


F(z + h) - F(z ) 


h 


~ M 


z+h 


z+h 


Tl I /( 0 dc- T 1 md( 


h 


z+h 


\ I (/(C) -/(H) <*C 


3 aM 6 THM, hto <J)yHKii;HH F onpeflejiena b OKpecTHOCTH tohkii z. CneflOBaTejibiio, mopkho cniiTaTb, 
hto nocjiefliiPiii HHTerpaji BbiHiicaaeTca no npaMonPinefniOMy OTpe 3 Ky, coeflPiiiaioiii;eMy tohkii z pi 
z + h. CjieflOBaTe.xbHO, 


F(z + h) - F(z) 
h 


/(*) 


z+h 


z+h 


^rri / \f(C)-f(z)\dl<— / dl = e. 


I h\ 


I h\ 


TaKiiM o6pasoM, mbi flOKasajin, hto F' — f h F e 'H(D). 

HaKOHeii,, h 3 TeopeMbi 3.23 cne/iyex. hto / e 'Hi D) (nan npoii 3 BOflriaa peryaapHofi ((/vtiktixtit). □ 

TeopeMa 3.27 (TeopeMa BeflepinTpacca). Flycmb 
• D - o6,nacrm> e C; 
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A. A. noacapcKiiit 


• v n G N f n G 'H(D); 

oo 

• pad f n cxodumcH paenoMepno na D k fynnymi f. 

n= 1 

Tosda 

(1 )/€«(£>); 

OO 

(2) pad fn cxodumcH paenoMepno ua D k (jjynnyuu f . 

n= 1 


/JoKaaaTejibCTBO. (1) IlycTb 7 - npoiiSBOJibiibiii KycouHO-rjia^Kiiii saMKnyTbm kohtvp b I). H3 
TeopeMbi 3.3 (iraTerpajibnaa TeopeMa Iv out it ) c.ae/iyeT. uto 

N N 


V N eN 


f ^ Tfn ( z)dz = f fr 
d n =1 n=l d 


(z) dz = 0. 


(3.20) 


H 3 xeopeMbi 3.20 e.ae/iyeT. uto b paBeucTBe (3.20) mo>kho nepefiTii k npe^ejry npn N —> 00 1107 
3HaKOM HHTerpa.na. C.ne^OBaTe.nbHO, 


Jf(z) dz 


lim / 

N— >00 J 

7 


N 

n=l 


0 . 


(3.21) 


H 3 (3.21) h TeopeMbi 3.26 (TeopeMa, Mopepa) c.ieayeT. uto / G 'H.(D). 
(2) Bes 70 Ka, 3 aTe.TbCTBa. □ 
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4. Pa,a,bi Tenjiopa 


4.1. Pa^bi Teftjiopa. 


TeopeMa 4.1 (TeopeMa o pa3JioaveiiHii peryjiapHon cJiyiiKpim b pari; Tenjiopa). Tlycmb 


D = {z j \z — ^o| < R}, ?de zo G C u R > 0. 
fen(D). 


Tozda 


vzed f(z) = f; -z„r. 


72—0 


n\ 


(4.1) 


^OKa3aTejn>CTBO. IDriKCiipyeM npoH 3 BOJibiryio Touicy z* b oOjiacTii D. JlerKO BiineTb, uto HaflneTca 
Il t G (0. R) Ta,Koe, uto |z* — z 0 \ < R t ■ Il 3 TeopeMbi 3.13 (imTerpajibHaa 4iopMy.ua Korun) c.ienyeT. 


UTO 


/(-*) = A— 


/(C) 


27 ri J ( — z* 


d(, 


r#e 7 = {z | \z- z 0 \ = R *}. 

3aMeTiiM, uto Tina jnoOoro ( G 7 Bepuo, uto 


E 


(z* - Zo) r 


(4.2) 


C - 2* (C - Zo) - (** - - 0 ) C - Zo 1 - ^ " (C “ -'())"' ' ' 

ripn 3tom pm. CTOu TTT TTu b npaBon uacTu paBeHCTBa (4.2), cxourncu paBHOMepiro no (' na onpyaaio- 
cth 7. OTCiona n 03 TeopeMbi 3.20 nojiyuiiM, uto 


/W = 2 S 


fml§^ d c = t(,-z 0 rlj 

J n=0 u ' n=0 ^ 


/(C) 


(C - -o) n+1 


lie- 


HaKOiien,, 113 TeopeMbi 3.23 cjienyex, uto 

V n G Z + — 7 


/(C) 


/ (C — -o) n+1 




n! 


Onpe^ejieHne 4.2 (Pan Tefuiopa). Pad (4.1) Ha3ueamm padoM TeuAopa tfnyuKyuu f c yeumpoM 


e moHKe zq. 


4.2. CTeneHHbie pa^bi h hx ocHOBHbie CBoiicTBa. 

Onpe^ejieHHe 4.3 (CTenennon pan) . CmenennuM pjidoM c yenmpoM e monue z 0 G C Ha3ueaemcn 
(pyHKHuoHajibHuu pad euda 

OO 

y. C n (z - z 0 ) n = Co + Ci(z - z 0 ) + c 2 (z - z 0 ) 2 + ..., (4.3) 

72—0 

sde {c n }™ =0 - KOMUAeKcnaA nocAedoeameAbHocmb u z - KOMnAencnuu napcuviemp. 

TeopeMa 4.4 (OopMyjia Korun-AnaMapa) . /(a,.h ak>6oso cmenennoeo psida euda (4.3) cyvyecmey- 
em ueompuyameAbHoe uucao R manoe, umo p.nd (4.3) aScoAtomno exodumen npu \z — z 0 \ < R u 
pacxodumcA npu \z — z 0 \ > R. 
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A. A. noacapcKiiit 


EoAee mogo, cnpaeedAuea tfiopMyAa 


R = 


lim yfc^j’ 

n—>oo 

npuneM ecAU lim \/|c n | = 0, noAacawm R = +oo, a ecAii lim -\/|c n | = +oo, mo R = 0. 

n—>oo n—>oo 

/IoKa3aTCJiBCTBO. Be3 iuKa ia re. n>c nia (aoKasano na 1-om Kypce). □ 

Onpe^ejieHne 4.5 (Paanyc cxoattmocth crenennoro paaa). Rucao R, onpedeAeuHoe e meopeMe 4.4, 
Ha3ueawm paduycoM cxoduMocmu cmenennozo pnda (4.3). 

TeopeMa 4.6 (PeryaapHOCTb cvmmli CTeneimoro paaa). Tlycmb R > 0 paduyc cxoduMocmu cme- 
neuuogo pnda (4.3). Tosda 

(1) pad (4.3) paenoMepno cxodumcA e aw6om npyse enda \z — zq\ ^ Rzde G (0,77); 

(2) cyMMa pnda (4.3) abaacuica pecyAApuou (fiyuKyueu e upyge ego cxoduMocmu \z — zo\ < R. 

/IoKa3aTCJiBCTBO. PaccMOTpriM npoTi3BO.Jibnoe R { H3 iiiiTepBa.ua (0, R) n BBeaeM 060 snaMrime 
D* = {z | \z — Zq\ < i?*}. SaMeTHM, t ito ns aSco.niOTHOH cxoattmocttt paaa (4.3) BHVTpn Kpyra 
ero cxo^hmocth cjieayeT, hto paa 


OO 

E 

n =0 


c n \R: 


cxo^HTca. Ilpn z G D* Bepno, hto 

OO OO 

^ \c n \\z - Z 0 r < ^ \°n\K < OO- 

n =0 n =0 

3to 03Ha T iaeT. hto b Kpyre D t pan (4.3) rnvieeT cvMMiipyeMyio m a >ko paHTy. CaeaoBaTe.iibHO, pan (4.3) 
paBHOMepno cxoflHTca b Kpyre D t . OxcKJAa h 113 TeopeMbi 3.27 (TeopeMa Benepnrrpacca) nojiyHHM, 
hto cyMMa paaa (4.3) aBaaerea peryjiapHon c^ymapieH b Kpyre D t . E h it t ?>t r a a , hto R t npoiiSBOJibiioe 
hhc.to hs iTHTepBaaa (0, R), noaynnM, hto cyMMa paaa (4.3) aBjiaeTca peryjiapnoH cjmiKTuieii bo bccm 
K pyre ero cxo^hmocti-i \z — zq\ < R. □ 

TeopeMa 4.7 (IIoHjieHHoe fliicJ^epeHipipoBarme CTeneimoro paaa). IJycmb R> 0 paduyc cxodu¬ 
Mocmu cmeneuHogo pnda (4.3). Tocda 

(1) e Kpyge cxoduMocmu \z — zq\ < R pad (4.3) mochcho dufifiepeuyupoeamb nouAeuuo 


^ Cn(z - z 0 ) n j = ^ nc n (z - z 0 ) 


n— 1. 


(4.4) 


y 71—0 


n =1 


(2) paduyc cxoduMocmu pnda (4.4) paeeu R. 

,ZI(oKa3aTejibCTBO. CaeayeT 113 TeopeM 3.27 (TeopeMa Benepnrrpacca) h 4.6. □ 

TeopeMa 4.8 (Paa Ten.nopa CTeneimoro paaa). JIw6ou cmeneuuou pad e (uenycmoM) Kpyze ezo 
cxoduMocmu abaacuica pAdoM TetlAopa ceoeu cyMMU. 

OO 

^HoKa 3 aTejiBCTBO. 06o3HannM cyMMy CTenennoro paaa ^ c n {z — zo) n b Kpyre ero cxo t hmocth 

n =0 

Mepe i f(z). JlerKO BTiaerb. hto f(zo) = cq. TIaaee. 113 TeopeMbi 4.7 caeaye r. t ito 


VpGMV^GD f(p\ z ) = J2' 


n\ 


n=p 


(n — p ) 


( z-z 0 ) n ~P . 


(4,5) 
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IIoflCTaBjiaa z 


z 0 b paBeHCTBe (4.5) nojiyaHM, hto 


V pe N 


Cp 


f (P) (z o) 

p\ 


Onpe^ejieHHe 4.9 (AHajiHTHaecKaa c^ymopia). OynKyuA f na3ueaemcA anaAumuuecKou e 06- 
Aacmu D, ecAU 3aa aw6ou monnu z Q e D cyiyecmeyem e > 0 manoe, umo cfiynnyuA f e Kpyze 

OO 

|z — zq\ < e npedcmaeuMa e eude cxodsupesocA cmenennozo pnda euda c n(z — zo) n ■ 

n =0 


TeopeMa 4.10 (SKBHBajieHTHOCTb peryaapHOCTH h aHajiHTHHHOCTH cjDyHKipm). Ilycmb tfiyuKyuA f 
3adaua e o6Aacmu D cC. Tozda 

f G H(D) / - andAumunecKaA tfiynKyuA e D. 


,ZI(oKa 3 aTejii>CTBO. HeoSxo^iiMOCTb (=>■). Cjie,nyeT 113 TeopeMbi 4.1. 
^QCTaToaHOCTb (■<=). Cne^yeT H3 TeopeMbi 4.6. 


4.3. TeopeMa eflHHCTBeHHOCTH. 

TeopeMa 4.11 (TeopeMa 06 H30JiHpoBamiocTH Hyjiefi peryjiapHOH (JiyHKipiH). Ilycmb 

• D - o6AMcrm> e C; 

• / e n(D); 

• f(z 0 ) = 0, zde z 0 G D. 

Tozda eunoAHfiemcfi odno U3 deyx CAedywiyux ycAoeuu. 

(1) Cyiyecmeyem OKpecmnocmb viohku z 0 manan, umo f mocHcdecmeenno paona nyAio e avion 
OKpecmHocmu. 

(2) Cymecmeyem onpecmnocmb moHKU zq maKaA, umo zo - eduncmeennuu Kopenb fiynnyuu f 
e avion OKpecmnocmu. 

^OKa3aTejibCTBO. Ha TeopeMbi 4.10 c.ne^yeT, hto Haft^eTca OKpecTiiocTb U tohkh zq Taxaa, hto b 
3toh OKpecTHOCTH ([lyTiKiina / mo>k('t 6bitb npe^CTaBjiena CTeneHHbiM pa;iOM mina 

OO 

f(z) = J2cn(z-Z 0 ) n . 
n =0 

II3 ycnoBiia TeopeMbi c.ie/iyeT. hto cq = f(zo) = 0. B cjiynae ecjni Bee ko9([)(|)iiiitiotitt>i c n o6pam;a- 
iotch b ho.tb, nojiyaiiTca, t ito / ToagjecTBemio paBiia iiyjno b OKpecTHOCTH U. B npoTHBHOM cjiynae, 
Haft^eTca HOMep seN TaKofi, hto c s 7^ 0 11 cq = c\ = ... = c s _ 1 = 0. Cne^OBaTejibHO, 

OO OO 

f(z) = ^ c ™( z ~ z oT = ( z ~ z oY Cn ( z ~ z °) n ~ S = ( z ~ Zo )V(X), 

n=s n=s 

r^e tp e 'H(tZ’) h <^(0) = c s 7 ^ 0. H 3 HenpepbiBiiocTH <J)yHKii,Hii p b Toaxe z 0 h ycjiOBna <^(0) 7 ^ 0 
c.ne^yeT, t ito nafi^eTca OKpecTHOCTb V C U tohkh z q Taxaa, mto <p 7^ 0 b V. Cjie^OBaTejibHO, b 
OKpecTHOCTH V (l)yHKIIHH / He HMeeT Hyjiefi OTJIHHHbIX OT Zq. □ 

4.12 (lIopa^OK Hyjia peryjiapnoH cJ9vhkh;hh). Ilycmb tfiyuKyiiA f pesyAApna e 
OKpecmnocmu viohku z 0 . roeopnm, umo z 0 - nyAb (fiynKyuu f nopAdna (Kpamnocmu) seN, ecAU 

OO 

ee pa3Aocncenue e pad TeuAopa c yenmpoM e mouKe zo UMeem end f(z) = c n(z — zo) n , zde c s 7^ 0. 

n=s 

TeopeMa 4.13 (3KBHBajieHTHoe onpefleaemie Hyjiefi peryaapnofi c^yiiKpiiii). Tlycmb (fiyuKyun f 
pezyAApna e OKpecmnocmu U viohku z 0 . Tozda eepno, umo 


Onpe^ejiemie 
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z 0 - nyAb ifiyHKyuu f nopndKa s E N •<=>■ 3 g E 'H{U) : V z E U f(z) — (z — z 0 ) s g(z ) u g(z 0 ) 7^ 0. 
,ZJoKa3aTejii>CTBO. A( 0Ka3aTejIbCTB0 (caMOCTOHTejibHo). □ 

4.14 (TeopeMa e^iiHCTBenHOCTii). IJycmb 

• D - o6Aacmb e C; 

. / E ?*(£>), g E 'H(D); 

• {z n }ff = i - nocjiedoeameAbHOcmb nonapuo pa,3AUUHUx monen e D; 

• lim = £* E D; 

n—>00 

• v n E N f(z n ) = 0(z n ). 

Togda f = g e oSAacmu D (m. e. V z E -D /(z) = <7(2 )). 

/^OKa 3 aTejiBCTBO. PaccMOTpiiM BcnoMoraTejibnyio (J)vhkii;hk) h = f — g. JlerKO BimeTb, hto h - 
pery.napua b OKpecTHOCTii tohkii z*, npuneM 

V n E N /i(z n ) = 0. (4.6) 

II3 (4.6) 11 HenpepbiBHOCTH 4 )vhkii;iih h b tohkc z * cjie/iyeT, hto /i(z*) = 0. Cjie^OBaTejibHO, z* - 
HeH30jiHpoBaHHbiH Hy.nb (|)yTiKTijTii h. (AeKTia h h 3 TeopeMbi 4.11 c.ie/tyeT. hto h = Ob HeKOTopofi 
OKpeCTHOCTH TOHKII Z*. 

06o3Ha T niM Tenepb nepe3 Af ceMeiiCTBO BHyTpeHiinx tohck MiioacecTBa nyjieii 4)yHKipiii h. M3 
tojibko hto AOKasannoro cne/iyeT. hto Miio>KecTBO A f He nycTO (Tax KaK z* E A f). Aa.iee B03M0>Km>T 
3 Be cin vaiuTii Af D n Af = D. 

B cjiynae, ec.nn Af 7 ^ D naii^eTCH rpaHHHHaa tohkh z* MiioacecTBa A f np hit an. 1 e>Ka 1 r 1a a o6.nacTii 
D. H 3 onpenejiemiH A f cjienyeT, hto h(z*) = 0. BMecTe c sthm, h3 Toro, hto z* - rpamiHiiaH TOHKa 
A f c.ieAyeT. hto A - HeH30JinpoBaHHbiH Hy.iib ([lynKTuni h. Ivan 11 panee OTCipna cnenyeT, hto h = 0 b 
IieKOTOpOH OKpeCTHOCTH TOHKH Z* . Ho 3TO npOTIIBOpCHIIT npe^nOJIOJKeilHK) 0 TOM, HTO A - TpaHHHHaH 

TOHKa A f. rionyHeiiHoe npoTHBopenne 03 HanaeT, hto name npe^nojioJKeiiiie Af ^ D ohihSohho. 

II3 yc.TOBHH Af = D nojiyHHM, hto h = 0 b D 11, cjie,n;0BaTejibH0, f = g b oGjiacra D. □ 

ripHMep 4.15. OyuKyuA /(z) = sin - o6paw i aernc.n e HOAb ua nocjiedoeameAbHocmu mouen 
cxodAiyeucA k moune z* = 0. ffauuuu (fxiKrn ue npomueopeuum meopeMe eduHcmeennocmu, nomoMy 
umo (fiyuKyuA f ue pesyAApna e moune z * = 0. 

4.4. IIpHHipin MaKCHMyMa. 

4.16 (IIpHHpHn MaKCHMyMa (0 cbhsii Meac^y 3 HaneHHHMH cjiyHKuyin ua rpaHiipe h BHyTpn 
oSjiacTii peryjiapHOCTH)). Tlycvib 

• D - ofAacmb e C u 7 - KycouHO-SAadKdA gpanuya oSAacmu D; 

. fen(D)nC(D). 

Tozda 

VzeD \f(z)\ ^ max |/(C)|- 

CS 7 

/])0Ka3aTejiBCTB0. JXa'a jno6oro nEN Bepno, hto f n E 'H(D) fl C(D). OTCio^a h h 3 TeopeMbi 3.9 

nOJiyHHM, HTO 


TeopeMa 


TeopeMa 


1 i no 
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r^e z - npoii3BOJibHaa (J/HKcnpoBaHHaa tohK a b oSnacTH D. CjieflOBa.TejibHO, 

ir W Kma f ir(oi^/^A, 

7 

|/M| <max|/(C)| ■ 

Tfei)('xo;ui k npeme.ay npn n —» oo b opei-iKe (4.7) nonyHHM, hto 

VzeD \f(z)\ ^ max|/(C)|. 

CS 7 

Tina saBepnieniM AOKaaaTenbCTBa ocxanocb sa.MeTHTb, hto Ha rpamme 
BbinonriaeTCH aBTOMaTHnecKH. □ 

JleMMa 4.17. Ilycmb 

• D - o6Aacmt> e C; 

• / e H(D); 

• g5 yHiiyutt \ f\ nocmosmua e o6jiacmu D. 

Tozda (fiyHKyutt f nocmoHuna e o6jiacmu D. 

Hflea ^OKa3aTejibCTBa. Ec.iih |/| = 0 b D, to, oneBii^HO, hto h/ = ObD. npennono/KHM Tenepb, 
hto \ f\=M > 0 b D. B 3tom cjiynae b of/xacTii D KoppeKTiio onpe^enena (JtyHKipia F(z) = In f(z), 
npiineM F e 'H{D). 

3aMeTHM, HTO 

V zeD Re F(z) = In \f(z) | = In M. 

HpyrHMii cnoBaMii, b e i t xe ct b (' tih a a aacTb (JjynKnjni F nocToairaa b o6nacTii D. OTCio^a n H3 vc.xobhh 
K oniH-PiiMana nojiyniiM, hto mihimth aacTb (Jatiktijih F xa k>ko nocToanna b oSnacTH D. y a ttt ?>t b a a 
oaeBH T Hoe cooTiiomeinie f(z) = e F ^ no.ayaiiM. hto / nocToam-ia b oSnacTii D. □ 

TeopeMa 4.18 (I Ipinniyin MancHMyMa (o JiOKajibHOM m a kc 11 My m e perynapHon (J/ytiKpim)). Ilycmb 

• D - o6Aacmt> e C; 

• / e H{D); 

• f UMeem AonaAbHuu MancuMyM e mouKe zq E D. 

Tozda cjjyHKyuA f nocmoAHHa e oSAacmu D. 

/HoKasaTenncTBO. H 3 vc.xortttt TeopeMbi cnenyeT. hto HafineTca OTKpbiTbin Kpyr U c neriTpoM b 
TOHK e Z 0 TaKOii, HTO 

v z e u I/Ml « l/Bo)|. (4.9) 

yloKaoKeM, hto h3 vc.xortth (4.9) cnenyeT nocToancTBO cj/yir kutiit |/| b Kpyre U. RoKasaTe.abCTBO 
npOBeneM ot npoTiiBi-ioro. IlycTb namnacb tohk 3 z* E U TaKaa, hto |/(,s*)| < \f(z 0 )\. OfjosHaaiiM 
nepe.3 7 OKpy >khoctb c pei-iTpoM b tohkb z 0 h paynyca r = \z* — Zq\. JIctko BH^eTb, hto TOHKa z* 
ne>KHT Ha okpvhvhocth 7 . Ha ycnoBiia / e 'H(D) c.KMyci. hto (|)yHKiuia / nenpepbiBiia iia 7 h, 
cnenoBaTeabHO, HafineTca 7 yra, 71 okpvjkhocth 7 Tanaa, hto \f(z)\ < |/(^o)| n P H z G 7i- OTCio^a h 


(4.7) 

(4.8) 

7 oSnacTH D (aieiiKa (4.8) 
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A. A. nojKapcKiiit 


H3 TeopeMbi 3.13 (iurrerpaabHaa (|)opM\ . la Komii) noayaiiM, mto 

= (/ 1/(01 dl + / 1/(01 dl < 


\f(zo)\ 


dl = 


|/(*b)l 


dl = \f(z 0 )\. 


I lu. iv'k'hihm' npoTiiBopeaiie a o k as?>! b a6 t. t ito c}mi Kiiim |/| nocToni-raa b Kpyre U. 

II 3 nocToaHCTBa (} )yn KTirm |/| b Kpyre U 11 .i6mmh 4.17 ear tye i. t ito cjnaiKTmn / nocToarma b 
K pyre U. OxcKJAa H3 TeopeMbi 4.14 (TeopeMa eAiracTBeimocTii) raeayer. hto / nocTornraa bo Been 
06 aacTH D. □ 

TeopeMa 4.19 (JleMMa IllBappa). Ilycmb 


• D — {z \ 

\z\ < 1}; dD 

• fEH(D) 

n C(D); 

• /(0) = 0; 


• \/ z E d D 

l/WKi 

To?,da 


(1 )M zeD 

\f(z)\ < \A; 


(2) ecjiu naudemca z* E D \ {0} manna, nmo |/(z*)| = \z*\, mo 

3aeK : V z ED f(z) = e ia z. 

/!OKa3aTCJIbCTBO. (1) PaCCMOTpiIM (j)YHKHIIIO 



npii 0 < \z\ 

l /'M 

npii z — 0 . 


F(z) = { z e 1 1 ’ 

1 f'{z) npii z = 0. 

Jlerxo BiTaeTb. hto ({nanaiim F AonvcxaeT pasaojKeirae b pa^ Tenaopa Bii^a 

n =1 n =0 ' 

OTCKJAa n H3 TeopeMbi 4.6 cae^yeT, hto F E 'H(D). Us ycaoBiia / G C(D) noayaiiM, hto F E C(D). 
IlycTb 7 - rpamina oSaacTH I). II 3 TeopeMbi 4.16 (npnHipm MaKCiiMyMa) ear tye r. mto 


\m\ 


V z E D |F(^)| ^ max |F(z)| = max —— 

zG'y zG"f \Z 


= max \f(z)\ ^ 1. 

zG 7 


Oacioaa, c yaeTOM onpeaeaeHim (})vhkii;iiti F. caeayer nepBoe yTBep>KAemie TeopeMbi. 

( 2 ) IlycTb Hamaacb roaxa z* E D \ { 0 } Taxan, t ito |/(z*)| = \z*\. B 3tom cayaae |F(z*)| = 1 
h (j)yTiKiuia F AOCTirraeT CBoero MaxciiMVMa bo BiiyTpeiraeii Tonxe oSaacTii D (nanoMHiiM, t ito 
|F(^)| ^ 1 b oSaacTii D). OTdoaa h 113 TeopeMbi 4.18 (npnHipm MaKCiiMyMa) noayaiiM. t ito 

3 C G C : M zeD F(z) = C, 

11 , caeaoBaTeabHO. f(z) = Cz b oSaacTii I). TaKiiM oSpasoM, yaiiTbiBaa. t ito |/(z*)| = |z*|, noayaiiM 
\f(z.)\ = \C\\z.\ =► \C\ = 1 =► 3 <a G R. : C = e iQ . □ 
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5. IfeojiHpoBaHHbie ocoSbie tohkh 


5.1. Pa^bi JlopaHa. 


TeopeMa 5.1 (TeopeMa o pa3Jio:>KeHHH peryaapHofi cJ/yiiKiiyiH b pari; JlopaHa). Ilycmb 


• 0 ^ r < p < R ^ oo; 

• D = {z \ r < \z — zq\ < R}, sde zo E C; 

• fen(D). 

Togda 


sde 


V n E Z c„ = -— : 


V z E D f(z) = Y c ™( z ~ ^o) n , 

n=—oo 

/(C) 


(5,1) 


2tt* / (C — z 0 ) n+1 


d (, 7 = U I |z -z 0 | = p}- 


/])oKa3aTejii>CTBO. OiiKCiipyeM npoH3BOjibHyio TOHKy z* b oOjiacTii D. JlerKO BimeTb, hto Hafl^yTca 
r* h TaKiie, hto 

r < r* < |z* - z 0 | < R* < R. 

II 3 TeopeMbi 3.17 cjie^yeT, hto 


/(-*) 



/(C) 

c - ^ 


dC- 



/(C) 

c - 


dC, 


(5.2) 


r^e KOHTypbi 7 ^ — {z | |z — zq| — r *} 11 7/7* = {z | |z — zo| = -R*} opiieHTiipoBaiibi npoTHB xo^a, 
nacoBOH CTpejiKH. 

3a,MeTHM, hto ,h;jih jnoOoro ( E 7 ^ Bepno, hto 

1 __ 1 __ 1 1 _ \ ^ (^* ~ z o) n , . 

c - z* (C - Zb) - (z* - Zb) C - *0 ' 1 - fff tS (C - -o) n+1 ' l °" j 

IIpii 3 tom pafl, CToa up iH b npaBofi nacTii paBeHCTBa (5.3), cxo^iitch paBHOMepno no <j na OKpyaaio- 
cth 7 ^. OTCio^a 11 113 TeopeMbi 3.20 nojiyniiM, hto 


JY1_ d(= — 
27 ri J C — z* 27 ri 


1R* 1R* 

HaKoneii,, H3 TeopeMbi 3.9 caenyeT. hto 
V n E Z + — 7 


J n=0 u ' n=0 J 

fl* 7 fl* 


/(C) 


(C - -o) n+1 


dC- 


/(C) 




27 T 7 J (C — Z 0 ) n+1 2717 J (C — Z 0 ) n+1 

7fl* 7 


/(C) 


dC, 


OTKyaa 


1 

2,iri 


7 a * 7 


/(C) 


- 0 ) 


n+1 


d(. 


(5,4) 
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AnajiorHHHO, /yin jnoSoro ( G 7 rt Bepno, hto 
1 1 11 


( — z * (C - z 0 ) - (z* - z 0 ) 


z 0 1 


C-^o 


-1 

E 


(z* - Zp) p 

(C - zo) p+1 


Z*—ZQ 
-1 


(C - *>)’* 

Gj (*. - *o)” +1 


E 


n = — p — 1 


p — n 


E 


0* - z 0 ) r 


(5.5) 


(C-z 0 ) n+r 

p=—oo ' n =—oo v 7 

llpn 3 tom pap;, ctohh/hh b npaBofl nacTH paBencTBa (5.5), cxo/yiTcn paBHOMepno no ( na oi<py>KHO 
cth 7 rt . OTCKy/a n H3 TeopeM 3.20 n 3.9 nojiynnM, hto 

1 /(c) 


2 iri J ( — z, 

7 r* 


dC = 1 


27 ri 

7r, 

-1 


(C - z 0 ) n+1 
/(C) 


27T7 / (C — Z 0 ) n+1 

7r* 


E^*-^/(c/ 


z 0 ) 


n+1 


<*C- 


dC = 

(5.6) 


,Hjih 3aBepnieHiin //OKasaTejibCTBa no^CTaBHM pasnonceHiin (5.4) n (5.6) b cj^opMyjiy (5.2). □ 


Onpe^ejieHHe 5.2 (Pa// JIopaHa). Pad (5.1) na3ueawm pndoM Jlopana <fiynKyuu f e o6Aacmu D 
c yenmpoM e moHKe z 0 . 

TeopeMa 5.3 (Teopeivia o xapaicrepe cxoahmocth pn^a JIopaHa). Ply emu 
• 3adau pada Jlopana 

OO 

y, Cn(z - z 0 ) n ; (5.7) 


= lim l/|c-n|, 7? = (" lim 


-i 


Tozda 

(1) (5.7) a6coAK>mno cxodumcA npu r <\z — zq\ < R; 

(2) p^c? (5.7) pacxodumcA npu \z — zo| < r; 

(3) (5.7) pacxodumcA npu \z — zo| > R; 

(4) ecAU r < R, mo pad (5.7) paenoMepno cxodumcn e aw6om KOAuye euda r* ^ \z — zo| E 7?*, 
g(?e r < r* < 77* < 77; 

(5) cyMMa pnda (5.7) AGAAemcA pezyAApnou tfnyuKyueu e KOAuye r < |z — z 0 | < R; 

(6) e KOAuye r < \z — z 0 | < R pad (5.7) mochcho dutfxfiepenyupoeamb nouAenno. 

/IoKa3aTe.nbCTBO. C.ie/iyeT H3 pasjioaceHHn bit/th 

OO OO OO 

y Cn(z- Z 0 ) n = y C n (z - Z 0 ) n + y C-r. 
n =—oo n =0 n=l 

n TeopeM 4.4, 4.6 n 4.7 /yin pn//OB Teilnopa. □ 


z - z 0 


TeopeMa 5.4 (E/yniCTBeHHOCTb pasjioaceHHn peryjinpHon c^yriKynn b pap JIopaHa). Plycmb 

• 0 ^ r < R ^ oo; 

• 77 = {z | r < \z — zo| < R}, zde zo G C; 

• fen(D). 

Tosda pa3A0CHcenue ifiynKyuu f e pad Jlopana eduncmeenno. 
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^OKa3aTejn>CTBO. IlycTb (JiyHKnym / mokot 6mtb [A)3.io>KeTia b ;ma pmaa mma 

oo oo 

V z G D f(z ) = ^ Cn ( z - z *) n = dn ( z - z °^ n - 

n=— oo n=— oo 


(5,8) 


BbiSepeM HeKOTopoe p H3 HHTepBajia ( r,R ). Us TeopeMbi 5.3 CJieflyeT, mto pa^bi (5.8) exo,n,nTcn 
paBHOMepHO ria onpyoKiiocTH 7 = {z \ \z — zq\ = p}. Ms TeopeMbi 3.20) cjie/iyeT, hto sth pa^bi 
mojkho nonjiemio HHTerpupoBaTb no KOHTypy 7 . C.ne^OBaTe.nbHO, 7 . 1 m Jiio 6 oro p 6 Z Bepiio, hto 


1 

2ni 


p OO 

f ^2 C n (z - z 0 ) n - p - 1 dz 


1 

2ni 


p OO 

if d n( z ~ z 0 ) n ~ P ~ 1 dz, 


OO w p OO _j p 

J2 c n — j>(z-z 0 ) n -r- 1 dz= J2 d n — j{z-z 0 ) n - p - 1 dz. 


( )TCio;ia. yniiTbiBan, t ito 


— <t>{z-z Q )^*~ x dz = 


1 npn n — p, 
0 npn n 7^ p, 


no.nymiM 


V p G Z c p — d p . □ 


5.2. HsojiHpoBaHHBie ocoSbie tohkh. 

5.5 (HsojinpoBarraan oco6an Tonna). 

G C Ha3U6aemca u30AupoeaHHOu ocodou mouKou fiyHKyuu f, ecnu uaudemcH R > 0 
nuiKoe, umo f pesyAApua e odAacmu {z | 0 < \z — Zq\ < R} u He dufifiepeuyupyeMa e 
mouKe Zq. 

• TouKa z 0 = 00 HCL3U6aemcH u30AupoeaHHOu ocodou mouKou, fiyHKyuu f, ecnu uaudemcA 
r < +00 maKoe, umo f pesyAApua e odAacmu {z \ r < \z\ < + 00 }. 

5.6 (Tnnbi H30jinp0BaHHbix oco6bix Tonen). UsoAupoeaunyw ocodyw mouKy z 0 G C 
fiyHKyuu, f Ha3ueawm 

• ycmpanuMou ocodou mouKou, ecAU cyiyecmeyem Koueuuuu npedeA lim f(z); 

z->zo 

• hoawcom, ecAU lim f(z) = 00 ; 

z —>ZQ 

• cyiyecmeenno ocodou mouKou, ecAU npedeA lim f(z) ue cyiyecmeyem. 

z —>ZQ 

Onpe,n;ejieHHe 5.7 (PeryjinpHan n rnaBHan nacTii pn^a JIopaHa b OKpecTiiocTH KOHenHon H30jin- 
poBaimofi oco6oh tohkh). Ilycmb 

• zo G C - u30AupoeaHHCiA ocodciA mound fiyHKyuu f (m. e. fiyHKyuA f peeyAApua e odAacmu 
D = {z | 0 < \z — zq\ < R}, ede R > 0); 

OO 

• pad Jlopaua fiyHKyuu f e odAacmu D c yeumpoM e mom ce z 0 UMeem eud Y c n(j — Zo) n ■ 

n =—00 

Tosda 

OO 

(1) pad Y c n( z ~ z o) n H03ueatom pndoM Jlopaua fiyHKyuu f e OKpecmuocmu z 0 ; 

n =—00 
00 

(2) pad Y c n(j ~ z 0 ) n H03ueaiom pesyAApuou uacmuw p.nda Jlopaua; 

n=0 


Onpe^ejieHHe 


Onpe^ejiCHHe 

• TouKa zq 
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-1 

(3) pad Y c n( z ~ z o) n Haaueaiom SAaeuou uacmbto psida Jlopaua. 

n=—oo 

Onpe^ejieHHe 5.8 (PerynapHaa h raaBiiaa nacTii pa,n;a JIopaHa b oxpecTiiocTH Secxonenno yn,a- 
jiemiOH iisojiiipoBariHOH oco6oh tohxh). Tlycmb 

• zo = oo - u30AupoeaHHan ocodan mouKct cfiyuKyuu f (m. e. (jyyuKipa.H f peeyAApua e o6Aacmu 
D = {z | r < \z\ < -poo}, zde r < +oo); 

OO 

• pad Jlopaua (fiyuKyuu f e odnacmu D uMeem eud f(z) — Y c n zU ■ 

n=— oo 

Tozda 

OO 

(1) pad Y c n2 n H03ueaiom pndoM Jlopaua tfiyuKyuu f e OKpecmuocmu SecKoueuuocmu; 

n=— oo 
0 

(2) pad Y c n z n ua3ueaK)m pesyAApuou uacmbK) pada Jlopaua e OKpecmuocmu 6ecKoueHuocmu; 

n=— oo 
oo 

(3) pad Y c n zU ua3ueawm SAaeuou uacmbto pnda Jlopaua e OKpecmuocmu decKouenuocmu. 

71 = 1 

5.9 (YcTpaHHMaa oco6aa Tonxa (HeoSxo/piMoe h AOCTaTOHHoe ycjiOBHe)). Ilycmb zq G C 
- u30AupoeauuaH oco6an mouna (fiyuKipau f. 

Tosda 3 ah moco, umo6u zq 6ujia ycmpauuMou oco6ou mouKou (fiyunyun f ueodxoduMO u docma- 
moHuo, umo6u cnaeuan uacmb pnda Jlopaua tfiyuKyuu f e OKpecmuocmu mouKU zq ue codepcncaAa 
uempueuaAbuux UAeuoe. 

/^OKa3aTejii>CTBO. JIoKaaaTejibCTBO npoBe^eM ,n;jia cjiynaa zo ^ oo. Cjiyaafl zo = oo cbo^htcs k 
paccMaTpHBaeMOMy c noMombio saMenbi nepeMeHHofi z = }. 

HeoSxo^iiMOCTb (=>•). PI 3 ycjiOBiia TeopeMbi c.neayeT, hto (jmiKniia / peryjiapHa b oSaacTH D = 
{z | 0 < \z — zo\ < r}, r,n;e r - nexoTopoe nojiooxHTejibHoe hhcjio. Hs TeopeMbi 5.1 cae/iyeT, hto 

VnGZ c, t = ^ j d C> l = {z\\z-z Q \ = p}, (5.9) 

7 


TeopeMa 


r^e p - nponsBOJibHoe anc.no H3 npoMeoxyTxa (0, r). 

Tax xax z 0 - ycTpaniiMaa ocooaa Tonxa (jiynxiuTiT /, to h3 cbohctb npe^e.TOB c.ie/tyeT. hto (Jivhx- 
ti;hh / ocraeTca orpaHiiHeimoH b HexoTopofi oxpecTHOCTH tohxii z 0 . MtoSbi He bboahtb HOBbie 060- 
3iiaaeHHH 6yn;eM CHHTaTb, hto / orpaHiiaeHa b oSjiacTH D hoctohhhoh M > 0. ()TCio;ia h ii3 (5.9) 
cae^yeT, hto 


VnGZ I c„ 


1 

< — 
2tt 


1/(01 


1C - z o 


n+1 


dl sj 


max |/(C)| 

Ce7_ 

2 np n+l 


d( < —. 

p n 


(5.10) 


3aMeTHM Tenepb, hto c n ue 3HBHCHT ot BbiSopa p. Cne^OBaTejibHO, nepexo^a x npe^eay npn p — > 0 
b HepaBeHCTBe (5.10), nojiynHM, hto c n = 0 npn n = —1, —2,.... 

OocTaTOHHOCTb (4=). PaccMOTpiiM CJivHaii 7^ oo. 113 ycaoBiia TeopeMbi c.ne^yeT, hto pa^ 
Jlopaua ([jyTixTiHH / aB/iaeica pa^OM Tefijiopa. II 3 TeopeMbi 4.6 CJie^yeT, hto pa;i Tefijiopa peryaapen 
b TOHxe zo h, c.4e, toB aT6.i t) iio cym,ecTByeT npeae.4 xoHeHHMH npeaea lim f(z). □ 
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5.10 (Ilojnoc (neoSxo^HMoe h ^ocTaTOMnoe ycjiOBne)). Tlycmb zo G C - u30AupoeaHuaH 
oco6asi mourn (fiyHKyuu f. 

Tozda 3 aa moso, umo6u z 0 6ujm noAmcoM ifiyHKyuu f neoSxoduMO u docmamouHO, umo6u znaeuan 
uacrm> pnda Jlopaua tpyuKyuu f e OKpecrrmocmu mouKU zo codepcncaAa KcmeuHoe hucao nempueu- 
CLAbHUX HAeHOG. 


TeopeMa 


/^OKa3aTejii>CTBO. /IpKasaTejibCTBO npoBe^eM ^jia cjiynaa ^ oo. Cjiyaafi zq = oo cbo^;htc5i k 
paccMaTpHBaeMOMy c noMombio 3aMenbi nepeMemiofi z — 

HeoSxo^iiMOCTb (=^). Tax k&k zq - nojnoc (jivTiKiuni /, to riafi^eTca npoKOJiOTan OKpecTHOCTb U 


tohkh £ 0 Taxaa, hto / G 'H(U) h 

WzeU \f{z)\>l. 

(5,11) 

Oiciona c.ienye'T. T no (})ynKiuTa h = 

j peryjiapHa b U , npnneM 



lim h(z) = 0. 

(5,12) 


Z->Z0 


C.ieAOBaTe.iTaio. z 0 - ycTparniMan oco6an Toaxa (l)ynKniTn h. ( iTCKTia h 113 TeopeMbi 5.9 c.ie/iyeT, hto 
b npoKO.noTofl OKpecTHOCTii U cjiynKpun h MO»ceT 6biTb pasjioJKena b pa,n 


h(z) = Y h n (z - z 0 ) n . 

n=0 

ripn 3 tom ri3 onpe^ejieimn cJ)vhkiihh h (HanoMHHM, mto h — j) BbiTexaeT, mto OHa rie mojkot 6bitb 
TOJK^ecTBeHHO paBiia nyjno. OTCiona h 113 (5.12) c.ienyeT. t ito Hafl^eTca noMep s G N Taxon, t ito 

Hq — h\ — ... — h s —i — 0, h s 0. 


IlepeniimeM cjiyriKipno h b BH^;e 

OO 

h(z) = (z - z 0 y<p(z), ip(z) = y h n (z - z 0 ) n ~ s . 

n=s 

Jlerxo BH^eTb, hto ip G 'H(fZ) h ip(zo) y 0 . Cjie^OBaTejibHO, ^ G "H(f/) h c^ymapia mookot 6 biTb 
pa3.no»ceria b pa/i bit/ui 

^ OO 

= Y,c n (z-z 0 Y. 

' n=0 

Co6npan nojiyneirabie pe3yjibraTbi BMecTe, nojiyaiiM, mto b npoKOJiOToii OKpecTHOCTii U tohkh zo 
BepHO, 3TO 


f(z) = 7TT = ( z " z oY 


h(z 


<P(z) 


= z 


Z 0 ) S y Cn(z - Z 0 ) n = y C n+S (z - Z 0 ) n . 


72—0 


^OCTaTOMHOCTb 


). llycTb pn,n; JIopaHa cJiyiiKpim / b OKpecTHOCTii U tomkh zq HMeeT btt tt 


OO 

f(z) = y Cn(z - Z 0 ) n , 
n=—s 


r^;e s E N h C- s y 0. Tor^a 

OO 

f(z) = {z- Z 0 )~ s (p(z), cp(z) = y c n - s (z - Z 0 ) n . 

n=0 
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JlerKO Bii^eTb, mto p G B(U) 11 lim p(z) = c_ s 7 ^ 0. C.neflOBaTe.nbiio, 

lim f(z) = c_ s lim (z — z 0 )~ s = 00 . □ 

z—>zq z—>zo 

5.11 (IIopa^OK nojnoca b C). Ilycmb 

• zq G C tioawc cfiyuKHuu f; 

OO 

• pad Jlopana cfiynKyuu f e OKpecmnocmu mounu z 0 iiMeem eud c n( z ~ z o) n , g de p > 0 u 

n=—p 

C-P 7^ 0. 

Tosda soeopam, umo cfiyunyuA f UMeem e moune z 0 hoawc nop^dna p. 


Onpe^ejieHne 


Onpe^ejieHHe 5.12 (riopa^OK nomoca b SecKOHenHOCTn). Ilycmb 

• z 0 = 00 noAwc (jkjHxyuu f; 

p 

• pad Jlopana ifiynKyuu f e oKpecmnocmu decKoneunocmu UMeem eud c nZ n , zde p > 0 u 

n =—00 

c p ^ 0. 

Tosda zoeopnm, umo (fiynuyuA f UMeem e 6ecKoneunocmu uoamc nopudna p. 

5.13 (CymecTBermo oco6aa Tonica (neo6xo,n;iiMoe h ^ocTaTomioe ycjiOBiie)). Ilycmb zo G 
C - u30AupoeannaA ocodaA mourn tfiynKyuu f. 

Tozda dAH mozo, umo6u zq 6uao cyu^ecmeenno ocodou mounou (fiynKyuu f neodxodiiMO u do- 
cmamouno, umo6u ZAaenan uacmb pnda Jlopana ifiynKyuu f e OKpecmnocmu mouuu zo codepcmaAa 
decKoneunoe uucao nempueuaAbnux UAenoe. 


TeopeMa 


,ZJoKa3aTejibCTBO. C.ne^yeT H3 TeopeM 5.9 pi 5.10. □ 

TeopeMa 5.14 (TeopeMa PIpiKapa). B Awdou OKpecmnocmu cyu^ecmeenno ocodou mouKU (fiyuKyuA 
npunuMaem ece 3nauenuA U3 C 3a ucKAWuenueM, dumb Moatcem, odnozo. 


,ZI(oKa3aTejibCTBO. Be3 ^OKasaTejibCTBO. □ 


IlpHMep 5.15. Haumu ece ocodue mouuu fiynKyuu 


/(*) = 


1 — e- 


u yua3amb ux mun. 


PemeHHe. Oco6bie tomkpi (JiyiiKmiiT / pacnojiaraiOTca b nyjiax (()\'ttktutii 1 — e*, b t o T iKax z — 0 pi 
z = 00 . HaimeM nv.iii (J)vhkii;hh 1 — e* 


e~ = 0 e~ = 1 - = 27rm, n G Z 

z 


z = -, n G Z. 

27 rin 


PaccMOTpiiM to t tkv z n = , r/ie n G Z. Pa3.io>K('mie ([)\'TiKiuiPi 1 — e' b pafl Tefijiopa b OKpecT- 


HOCTH T03KII Z n IIMeeT BPIfl 


e z n 


1 - e* = -j-(z - z n ) + 0((z - z n ) 2 ) = — (z - z*) + 0((z - z *) 2 ). 


Otcioah TiaxoTiiiM pa3jio»ceHiie cjmiKunn / b p5i;i .Jlopana b OKpecTHOCTH tohkh z r 


f(z) = 


1 




2 (* Zn) ~t~ 0((* z n) 2 ) Z /j n 1 “l - Oi^Z A, n )) Z Z r 


+ 0 ( 1 ). 
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TaKHM o6pa,30M, z n - no.moc nepBoro nopanKa n^a .mo6oro n G Z. 

B ,mo6on OKpecTHOCTH to' iK it z — 0 HaxonnTca SecKonennoe hhcjio no.mocoB z n c|>\tikiiiiit /. 
C,t enonaxe.T?jHo. z — 0 - ne HSOJinpoBannaa oco6aa TO'iKa. 

B OKpeCTHOCTII TOHKH Z — OO pa3.T0 >K 6HIT6 <J)yHKn;HH 1 — 6' B pan Jlopaiia IIMeeT BTin 

+ OO" 2 )) = - 


- + oa-a 



(>TCio;i,a HaxoniTM p as.T o>kch it e (jiyn Kurin / b pan JIopaHa b OKpecTiiocTH totkit z — oo 


m = 



i i 

- l z +0(z - 2 ) ~~ Z l + 0(z-i) 


—z(l + 0( Z - 1 )) = -z + 0( 1). 


TaKHM oSpasoM, 2 = oo - nonioc nepBoro nopanKa. 

Otbgt: z = , n € Z - no.mocbi nepBoro nopanKa; 2 = 0- He nsojinpoBaniiaa oco6aa TOHKa; 

2 = oo - no.moc nepBoro nopanKa. 
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6 . Teopna BbineTOB 


6.1. BbineT b KOHenHofi TOHKe. 


Onpe^ejieHHe 6.1 (BbiaeT b KOHeaHofi ToaKe). IJycmb 

• zo E C - u3omipoeaHHaH oco6asi mouna (pyuKyuu f; 

OO 

• pad Jlopaua (fiyuKyuu f e OKpecmnocmu mouKU z 0 UMeem eud c n( z ~ z o) n ■ 

n=— oo 

Toeda eunemoM cfjyuKyuu f e moune zq Ha3ueawm uucao 

res f(z) = c_i. 

Z=Z 0 

IlpHMep 6.2. Haumu euuem tfiyuKyuu f(z) = z~ 5 e z e moune z 0 = 0. 

Pememie. Hafi^eM pasjioaceiffle cJovhktihh / b pa,n; Jlopaua b OKpecTHOCTii tohkh z 0 = 0. IIpii 
|z| > 0 nojiyaiiM 

o° oo 11111 

/W = ,- V = 


n=0 n =0 


n\ 


C.ieaoBaTe.iTaio, 


res z 5 e z — —. □ 
2=0 4! 


IlpHMep 6.3. Haumu euuem cpynnyuu f(z) = e mouue zo = 2. 

PemeHHe. Hafi^eM paajioacetme cJjvhkiihh / b pa^ Jlopaua b OKpecTHOCTH to t ikii — 2. Ilpn 
0 < \z — 21 <2 no.xyaHM 


/(*) = 


z 2 — 2z z(z — 2) z — 2 


z — 2 




n=0 


r/ie c n - KOScJxJomiHeH™ pasjioavernia (Jovhktihh z 1 b pax Teftaopa b OKpecTHOCTii to t ikh zq = 2. 
C .4 6AO b ax ea b h o. 

2 

res —-= 1. □ 

2=2 z 2 — 2 z 

TeopeMa 6.4 (Bbiancjietme BbiaeTa (Jovhktihh b no.xioce 1-ro nopa^Ka b C). nycmu 

• (fiyuKyuu ip u ip pesyAApnu e OKpecmnocmu uiouku z 0 E C; 

• z 0 hoau (fiyuKyuu ip nepeoeo nopAdna. 

Toeda 

V(z) J>( z o) 
z=2 0 ip(z) ip'(z 0 y 

/^OKa3aTejiBCTBO. PacKaa^biBaa (J)vhkiihh tpvixpB OKpecTHOCTii to t ikh z () b pa^bi Teilxopa, iiaiiaeM 
pa3.40>KeHiie 4 )vhkiihh | b pax Jlopaua b OKpecTHOCTii z 0 

<-P{z) = v{zq) + Q(z - Zq) _ <p(zo) _1__ 0(1) _ = 

-Ip(z) ip'(z 0 )(z - z 0 ) + 0((z - z 0 ) 2 ) ip'(z 0 )(z - z 0 ) l + O(z-z 0 ) ip'(z 0 ) + 0(z - Zo) 

= , , p;° } ' +on). □ 

'Ip'(z 0 )(z - Zo) 

2 

IlpHMep 6.5. Haumu euuem cpynnyuu f{z) = -=y e mouue zq = vr. 
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PemeHHe. IIpHMeHaa TeopeMy 6.4, Haii/ieM 


res 


z=n sin2z (sin 20' 


2 cos 2z 


= —. □ 
2 


TeopeMa 6.6 (BbiHHCJieime BbineTa (JiyuKipni b no.nioce npoii3BOJibiio nopa^Ka b C). Ilycmb (fiyun- 
v,uh f iiMeem nonwc nopadna p > 0 e moune zo G C. 

Tozda 

1 rf p_1 / \ 

res f( z ) = 7=-777 lim 7777=1 ((^ “ z oYf( z ))- 


z=z 0 (p — 1)! z^z 0 dz p 

yloKaaaTGJibCTBO. Pa io>Keime (})vhkii;hti b pan Jlopaua b OKpecTHOCTii tomkii zq HMeeT bh;i 


/( z ) = c «o - z ^ n = 


c_ 


V 


n=—p 


+ ... + -^- + 0(1). 

z- Zo 


0 ~ Z 0 )P 

C'.aeA0BaTe.4bH0. npn z —> zq Beprio, mto 

OO 

0 - Z 0 ) P f(z ) = ^ C n{z - Zo) n+P = C_p + . . . + C_i(z - Zo) P ~ l + 0((z - 2 0 ) P ), 


n=—p 

d p ~ l 


dz p-j(z ~ Z 0 ) P f(z) = C_i(p - 1)! + 0(0 - Zq)), 

1 r/ p_1 

0 — 1 )! dzP- 1 ~ Z ° )Pf ^ + °^ Z ~ Zo)) ' 


C-l = 7- 777^7^1- - Z 0 rJ{Z) + U{{Z - Z 0 )). (6.1) 

riepexo^a k npen&Jiy npn z —> zo b pabeiiCTBe (6.1), nonyniiM TpeSveMoe vtb ep>Kne hit e. □ 

3 

ripHMep 6.7. Haumu euuem fiyunyuu f(z) = (Ory e moune zo = 1. 

PemeHHe. IIpiiMeHaa TeopeMy 6.6, Haii/ieM 


res 


, d r, 

= lim — 2 = = 3z 


= 3. □ 


2=1 


2=1 0 — l) 2 dz 

6.2. BbineT b 6ecKOHenHO y^ajieHHOH Tomce. 

Onpe^ejieHHe 6.8 (Bbthot b SecKOneano y ia.lenuoii tohkb). Ilycmb 

• zo = oo - u3onupoeaHHaH ocodau mound $ yunyuu f; 

OO 

• pad Jlopaua fiyunyuu f e onpecnmocmu decnoueuuocmu UMeem eud c nZ n ■ 

n =—oo 

Tosda euuemoM (fjyunyuu f e decnoueuuocmu ua3ueawm uucao 

res f(z) = c_i. 

z=oo 

IIpHMep 6.9. Haumu euuem tfiyunyuu f(z) = z~ 5 e z e decnoueuuocmu. 

PemeHHe. HaiyreM pai.ao/KeHHe cjiyiiKiiiiii / b pan Jlopaua b OKpecTHOCTii 6ecKOne T mocTH. IIpii 
0 < 0| < oo nojiyaiiM 

o° oo 11111 

f( z ) = Z ~ 5 e z = Z~ 5 V — z n = V — z n ~ 5 = —i— —-—— —i— —— — —i— —— —i— 


n=0 


n=0 


n\ 


res z 5 e z = 


4!' ° 


C.aenoBaTe.abHO. 
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IlpHMep 6.10. Haumu euuem (JkjnKyuu f(z ) = 6 decKoueunocmu. 


z 2 - 2 z 

PemeHHe. Haii,zi,eM pasjiooKemie cJjvhkt/hh / b pa,a; JIopaHa b OKpecxnocxn SecKorieanocxii. Ilpri 
2 < |^| < oo nojiyaiiM 

3 - + 2 4 14 1 1 4 , _ 1U 1 3 _ 2 . 


m = 


z 2 -2z z- 2 


C ,4 e/ 1,0 b ax e.;i b h o . 


z 1 — - z z 

Z 

3z -f- 2 


res ——— 

2=00 (J 2 — ZZ 


= 3. □ 


TeopeMa 6.11 (BbiancjieHHe Bbiaexa (Jjvhkhhit na SecKOHeaHoexn ^jia orpaimaemiofi (JiyiiKiuiiT). 
Ilycmb z = oo - ycmpauuMaa oco6an mouKa cfjyuKyuA f. Tozda 

res f(z) = lim z(f( oo) - f(z)). 

z =OO 2:—>-oo 

f HoKa3aTe.7ibCTBO. Pa3JiooKeinie (JjyHKT/iiii b pa,n; JIopaHa b OKpecxnocxn SecKoneanocxii HMeeT biih 


f(z) - ^2 - Co + ~ + 0 ( 72) - f(°°) + ~ + 0 (^2 ) ■ 


Cae aob axe.4 b h 0 , npii z —>■ 00 Bepno, axo 


*(/(*) - /(oo)) = C_! + O - ) . 


( 6 . 2 ) 


ITepexo^a k npe^eay npn z —» co b paBeHCXBe (6.2), nojiyaHM xpe6yeMoe vx b e p >K/i;e hh e. □ 


2 2 + l 


IlpHMep 6.12. Haumu euuem fiyuKyuu f(z) = . 2+ ,,. +5 
PemeHHe. JlerKO BH^exb, axo 


e mouKe z = 00. 


z 2 4- 1 

/(oo) = lim —- 

Z^oo z 2 + 2z + 5 


= 1 . 


IIpHMeiiaa xeopeMy 6.11, no.xyaHM 
z 2 + 1 


res 


= lim z 1 


2=00 z 2 = 2z + 5 2->oo 

6.3. TeopeMa o Bbiaexax. 


z 2 + 1 


= lim z- 


2z + A 


z 2 + 2z + 5 / z^-oo z 2 + 2z + 5 


= 2 . □ 


TeopeMa 6.13 (Bbipaaveirae Bbiaexa (/viikiuiit b KOHeaHofi xoaxe aepe3 KOHxypHbifi HHxerpa. 4 ). 
nycmb 

• 0 < p < R; 

• D = {z | 0 < \z — Zq\ < R}, sde z 0 E C; 

• 7 - spauuya upysa {z \ \z — z 0 \ < p} noAocncumeAbuo opuenmupoeaHuasi omnocumeAbHO 
ceoeu euympeHHoemu (m. e. npomue uacoeou cmpeAKu); 

• fen(D). 


Tozda 


res f(z) =- 

2=2:0 27 TZ 


f{z) dz. 


/I)oKa3axejiBCXBO. Cjie^yex 113 xeopeMbi 5.1 h onpe^ejieHHa 6.1 Bbiaexa cJiyiiKipiii. □ 
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TeopeMa 6.14 (BbipaoKenne BbineTa cJ)vhkii;hh b SecKonenno yna.iennoH to t iko nepe3 KOiiTypnbin 
HHTerpa.n). Ilycmb 

• 0 < R < p; 

• D — {z | \z\ > R}; 

• 7 - gpanuya Kpysa {z \ \z\ < p} noAocucumeAbno opuenmupoeaHnaA onmocumeAbno eneiu- 
Hocmu Kpysa {z \ \z\ < p} (m. e. no uacoeou crnpejiKe); 

• fen(D). 

Tosda 

f(z ) dz. 

7 

/^OKa3aTejii>CTBO. C.ne^yeT 113 TeopeMBi 5.1 11 onpe^eneHna 6.8 BbineTa c^ymopm b 6ecKOHeniio 
yuajieHHOH to t tkt-i. □ 

6.15 (TeopeMa, 0 BbineTax). IIycrm> 

• D - ozpaHUHeHHasi odnocemnaH odnacmb e C; 

• E = { 27 , Z 2 , - - -, z n } C D, sde n 6 N; 

• f en(D\E)nC(D\E); 

• zpanuya 7 odjiacmu D AGAAemcA noAocncumeAbno opuenmupoeannou Kycouno-SAadKou 3a- 
MKnymou Kpueou. 

Tosda 

n 

f{z) dz = 2m V res f(z). 

k= 1 Z Zk 

^OKa3aTejibCTBO. IlycTb p - Majioe nojiaacnTejibHoe nncjio TaKoe, mto Kpyni Dk = {z \ \z — Zk\ < p} 
nonaprio rie nepecenaiOTca h jiencaT b o6jiacTii D npn k = 1,2,... ,n. IlycTb, BMecTe c sthm, 7 k - 
rpannpa Kpyra Dk nojiooKHTejibHO opueHTHpoBamiaa OTHOCHTejiBHO Dk npn k — 1, 2,. .., n. 3aM6THM 

n 

Tenepb, nTO / peryjinpna b b o6jiacTii D\ [j D k n H3 TeopeMbi 3.7 cne^yeT, nTO 

k =1 


TeopeMa 


res f( z ) = A— 

-2=00 zni 


{ f(z) dz-±f f(z) dz = 0. 
7 k=1 i 


II 3 (6.3) n TeopeMbi 6.13 nojiymiM, hto 

/ n » n 

f(z) dz = j f(z ) dz = 2m ^ res f(z). □ 

_1 J 1 —1 Z 


1 k 1 ik 

IlpHMep 6.16. BuHucAumb unmespaA 


k =1 


z 2 — Az + 3 


dz. 


1 *1=2 


(6,3) 


3aMenamie 6.17. 3decb u daAee mu no yMOAuanun) 6ydeM cnumamb, urno Konmyp unmeepupoea 
hua noAootcumeAbHo opuenmupoean omnocumeAbno ceoeu enympennocmu. 
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PemeHne. BuyTpii KOHTvpa HHTerpnpoBaHna Haxo^HTca o;ma oco6aa Tomoa z — 1 (nojuoc nepBoro 
nopa^Ka). (heio;i;a h hs TeopeMbi 6.15 c. kmat r. nxo 


z 2 — Az + 3 


dz = 2m res 


=i z 2 — Az + 3 


= 27 ri 


N=2 


( z 2 — 4 z + 3)' 


= — Trex. 


2=1 


TeopeMa 6.18 (TeopeMa, o cyMMe BbineTOB). Ilycmb 

• E = {z \, z 2y — , z n } C C, sde n G N; 

• feH(C\E). 

Tosda 


res 

z=oo 


f(z) + V] r es f(z) = 0. 

^' Z=Z k 


k= 1 


/^OKa 3 aTejibCTBO. riycTb i? > 0 TaKoe, t ito E C {z \ \z\ < R}, 7 + - onpyoKHOCTb {z \ \z\ = R}, 
opneHTiipoBaHHaa npoTi-m aacoBofi CTpejnai, - okpvjkhoctb {z \ \z\ = R}. opneHTnpoBarraasi no 
nacoBofi CTpe.nKe. II 3 TeopeM 6.14 n 6.15 cae/ryex. t ito 

0=1 f(z) dz + (f f(z ) dz = res f(z) + res f(z). □ 

I I 2 =r>o ‘ Z=Z k 


7+ 


k =1 


ripHMep 6.19. BuuucAurrib unmespan 


1 * 1=2 


(z»-l)(z-3) 




PemeHne. OxciOAa n 113 TeopeM 6.15 n 6.18 c.xeAyex. mto 
1 ... 1 


1 * 1=2 


(z 9 — l)(z — 3) 


dz = —2m res 


— 2m res 


2m 


*=3 (z 9 — l)(z — 3) *=oc (z 9 -l)(z -3) 3 9 — 1 


. □ 


6.4. CBeflemia, nojie3Hbie fljia BbiHHCJieHHa HHTerpajiOB no BbineTaM. 

TeopeMa 6.20 (OnynKa HHxexpa.xa no nojiyoKpyoKHOCTn 6ecKonenno Sojibinoro paAiiyca). Ilycmb 

• D = {z | Imz ^ 0, \z\ ^ R}, sde R > 0; 

• / G C(D); 

• Ip = i z I Imz ^ 0, \z\ = p}, zde p > R; 


lim max |^||/(^)| = 0. 

p —>+00 zS 7 p 


Tosda 


lim / f(z)dz = 0 . 

p —>+00 / 


7p 


^OKa3aTejibCTBO. ripn P > R cnpa b e. 4 -x itb a on;enKa 


f(z ) dz 


7p 


< / |/(^)| |dz| ^ max|z||/(z)| / — |d*| = vrmax |z||/(2)|. 




*S7 P 


(6.4) 


7p 


7p 


IlepexoAa k npe lo/iy npn p —> +00 b opei-iKe (6.4), nojivmiM TpeSyeMoe yxBep>K;i;enne. □ 
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TeopeMa 6.21 (OpeHKa iiiiTerpana no nojiyoKpyjKHOCTn GecKonenno Maaoro pa^nyca). Ilycmb 

• D — {z | Im z ^ 0, 0 < \z\ ^ R}, ede R > 0; 

• / G C(D); 

• 7p = i z I I™ ^ ^ 0, |z| = p}, sde 0 < p < R; 


lim max |z||/(,s)| = 0. 

p —>-+0 z£~i P 


Tosda 


lim / f(z) dz = 0. 
p^+o / 


/^OKa3aTejibCTBO. Ilpn P < /? cnpaBe/yiiTBa opeHKa (6.4). Ilepexo^n k npe/ry.xy npn p —> +0 b 
opei-iKe (6.4), nojiynriM TpeSyeMoe yTBep>K;[f*rnie. □ 

TeopeMa 6.22 (. Icmmh yKop^ana). Ilycmb 

• a > 0; 

• D = {z | Imz ^ 0, |z| ^ R}, zde R > 0; 

• / G <?(£>); 

• 7 P = {^ j Im z ^ 0, |z| = p}, sde p > R; 


lim max \f(z)\ — 0. 

p —>+oo zS 7 p 


Tosda 


lim / /(^)e ia2 dz = 0. 

p-s>+oo / 


^OKa3aTejibCTBO. SaivieTHM, mto npn p e [0, |] cnpaBe/yiiTBa openKa sin </? > -p. ilaaee. no.iiaran 
M p = max | f(z) | nojiynnivi, t ito 

p 


f(z)e iaz dz ^ M p / |e*“ 2 | \dz\ = [z = pe i<p ] = M pP / e 


—ap sin ip i _ 


dp = 2M pP / e~ apsm<p dp^ 


< 2 Mp P f e-^ pp dp = -2 Mp—e-^™ 2 = U '' ;: (1 - e~ ap ) < 

J 2a 0 a a 

o 

llo'pexoyyi b nocjie^Hen opemce k npene.ay npn p —» +oo, no.aymiM TpeSyexioe y xBep>K r ye hit e. □ 

6.5. BbiHHCJieHne HHTerpajiOB ot TpnroHOMeTpHHecKHx (JjyHKpHH no nepno^y. 

TeopeMa 6.23 (Bbinncneniie iiHxerpa.xa ot TpnroHOMeTpnnecKOH (jn’HKipni no nepnony). Ilycmb 

• D = {z | \z\ < 1}; 

• E = {z 0 , Zi, z 2 , • • •, z n } C D, sde z 0 — 0 u n e N; 

• F e U(D\E)nC(D\E). 

To?,da 

f p _o_ V"' „„„ F (^) 


/ F(e iv ) dp = 2nJ2 

J l -r\ 


res - 

Z=2/c £ 



50 


A. A. IloiKapcKmt 


/HoKaaaTCJifcCTBO. Bbinojiunn 3aMeny nepeMein-ibix, h, 3aTeM, ncnojiL>3ya Teopesviy 6.15 o BbineTax, 
nojiyHHM 

2?r 

F{z) 


F(e l,p ) dip = z = e llf , dz = izdip 


F(*)= = 2^ 


IZ 


IIpHMep 6.24. BunucAumb unmespciA 


2 IT 


2 + e il P 


l*l=i 


dip. 


k =0 


res 

z=z k Z 


-. □ 


PemeHHe. 


2n 


2 + e i( f> 


dip = [z = e lv = 


1 dz 1 

— = 27T res —-— = 7r. □ 


o M=i 

ripHMep 6.25. BunucAumb immespaA 


2 + z iz z=o (2 + 


2tt 


a 2 sin" ip + 6 2 cos 2 ip 


dip, 


sde a > 0 u b > 0. 


PemeHHe. IIpeoSpasyeM noAbiHTerpaabHVKj (JpyHKpnio c noMonjbio <J)opMy4 3iijiepa 

1 4 


a 2 sin 2 ip + b 2 cos 2 ip —o 2 (e 2 * ¥ ’ — 2 + e 2lifi ) + b 2 (e 2l{f> + 2 + e 2l v) 

4g2 i<p 

( b 2 — a 2 )e 4l(fi + 2(a 2 + b 2 )e 2t v + ( b 2 — a 2 ) 

/Jajiee, saMeTiiM, t ito 3aMena nepeMem-ibix z = e 2 * 1 ^ 3Aecb 6ojiee y^oSna, Otckj/ta 


2 IT 


dip = - 


0 

1 

2 


a 2 sin" 99 + b 2 cos 2 92 2 J a 2 sin 2 <£> + 6 2 cos 2 ip 


dip = z = e 2 ^, dz = 2izdip 


4 2 


ok 1 


ok 


l*l=i 


( 6 2 — a 2 );? 2 + 2 (a 2 + b 2 )z + ( 6 2 — a 2 ) 2 iz i / ( 6 2 — a 2 )z 2 + 2 (a 2 + b 2 )z + ( b 2 — a 2 ) 

l*l=i 


HaiyueM Kopi-m nojiin-iOMa p(k) = ( b 2 — a 2 )z 2 + 2 (a 2 + 6 2 )z + (6 2 — a 2 ) 

■(a 2 + 6 2 ) ± a/( a 2 + b 2 ) 2 - (b 2 - a 2 ) 2 _ -a 2 ± 2 ab - b 2 _ (a T bf 


z± = 


b 2 -a 2 


2 (a 2 + b 2 ) 


b 2 - a 2 ’ 


a — b 


z+ = 


a + b 

a + 6 ’ a — b 

JlerKO BiyaeTb, mto 0 k |z + | < 1 < |^_| ^ oo. C.ne^OBaTe.nbuo, 

2tt 


dip — - 


dz 1 

= 27r res 


2 x = JL>n 


a 2 sin 2 93 + b 2 cos 2 ip i J p(z) z=z+ p(z) p'(z+) 2 ab 


l*l=i 


o 
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6.6. BbiHHCJiemie HHTerpajiOB ot papnoHajiBHBix cJjyHKpnn no Bem,ecTBeHHOH ocn. 


TeopeMa 6.26 (BbiHHCjieHHe iiiiTerpanoB ot papiionajibHbix 4 )vhkiihh no Bem,ecTBermoH ocn). 

Ylycm/b 

• R - payuoHajibHatt tfiyHKyua; 

• R(z) — O (4j-) npu z —> oo; 

• oco6ue mouKU R ue Aecncam na eeiyecmeenuou ocu; 

• E + = z£, ■ ■ ■, z n } ~ MHOMcecmeo oco6ux moueK (fiyuKyuu R e eepxueu noAynAOCKoemu, 

zde n G N; 

• E_ = { z± , Z 2 i ■ ■ ■, z “} - MHOMcecmeo oco6ux moueK (fiyuKyuu R e HUCHcneu noAynAOCKoemu, 
sde m G N; 

• p > 0 manoe, umo E + U E_ C {z | \z\ < p}; 

• 7 + - noAocnciimeAbHO opuenmupoeauHaA spanuya noAynpyza {z \ \z\ < p, Im(z) > 0}, cm. 
pucyuoK 3; 

• 7_ - ompuyameAbuo opuenmupoeauHaA spanuya noAynpyea {z \ \z\ < p, Im(^) < 0}, cm. 
pucyuoK 4. 


Toeda 


R{x) dx — R(z) dz= R(z) dz. 


7 + 


7- 




Pnc. 3 . KoHTyp 7 + Bbi^eneH KpacHbiM pBeTOM. Puc. 4 . KoriTyp y_ Bbi^eneH KpacHbiM pBeTOM. 


/^OKa3aTejiBCTBO. ^IoKa»ceM nepBoe paBencTBO. ^OKasaTe.nbCTBO BToporo npoBO^HTcn anajiornnHO. 
IlycTb 7 ,, - no.iioJKiiTe.iTbrio opneriTiipoBarman rpamnja nojiyxpyra {z \ \z\ < r, Im(^) > 0}, r^;e r ^ p. 
II 3 TeopeMbi 6.15 cjie^yeT, mto 


J R{z) dz 


R(z) dz 


7+ 


7r 


27 ri > res R(z). 

Z=Z k 

k =1 


BMecTe c stum nerKO BH^eTb, mto 


J R{z) dz 

lr 


R(x)dx + 


R(z) dz, 


—r 


c+ 
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r^e C+ - BepxHaa nojiyoKpyjKHOCTb pa^nyca r. Orcio/pi ii 113 TeopeMbi 6.20 cue Tver. t ito 


R(z) dz = lim / R(z) dz = lim / R(x) dx + lim / R(z) dz= R,(x) dx. □ 


r— >-+oo 


r—>■+oo 


r—>■+oo 


7+ 


7 r 


C3 


ripHMep 6.27. BuuucAurrib unmespan 


x 2 + a 2 


dx, a > 0. 


PemeHHe. 3 aMbiKan kohtvp HHTerpnpoBaHHH CBepxy, 113 TeopeMbi 6.26 nojiynHM, t tto 


dx = 


z 2 + a 2 


1 1 71 

dz = 2m res —-- = 2m — = —, 

z=ia z 2 + a 2 2 ia a ' 


7+ 


,/ x 2 + a 2 

R 

r,a;e kohtvp HHTerpnpoBaHHH 7+ ii3o6pa>KeH na pncyriKe 3. □ 

IIpHMep 6.28. BuHUCAurrib immezpaA 

l _ l _ dx 

J (x-2i)Hx + i) 

R 

PemeHHe. 3aMbiKan kohtvp HHTerpnpoBaHHH cmi3y, H3 TeopeMbi 6.26 naiyniiM. hto 


1 


(x — 2 i) A (x + i) 


dx = 


1 


(z — 2 i) 4 (z + i) 


dz = —2ni res 


z=—i (z — 2iY(z + i) 


2m 

"8T l 


7- 


r.ae kohtvp HHTerpnpoBaHHH H3o6pa>KeH na pncyriKe 4. 

OTMeTIIM, TTO KOHTyp HHTerpHpOBaHHH 7_ oOxOAHTCH npOTHB XOAa T iaCOBOfi CTpe.TKII, n03T0My B 
up ii BbiHHaneHHH HHTerpajia no BbineTaM B03HHKaeT 3i-iaK Mimyc. KpoMe toto, kohtvp iiiiTerpirpoBa- 
HHH MO>KHO 6bIJIO SaMblKaTb CBepXV H BbIHHCJIHTb HHTerpa.JI nO 7 _|_, OAHaKO B 3TOM CJIVHae npHIH.TOCb 

6bi BbiniiCAHTb Bboio'T b nojiioce neTBepToro iiopn/iKa. □ 

IIpHMep 6.29. Tlycmb f - ospammeHHCtA pesyAApnaH (fiyunyuA, e eepxneu noAynAOCKoemu. Buhuc- 
Aumb unmezpaA 

f f(x) 


X 2 + 1 


dx. 


PemeHHe. IIo aiiajioriiH c A,0Ka3aTejibCTB0M TeopeMbi 6.26 mo>kho nojiynHTb, tto 


/ 7 ) 

X 2 + 1 


dx = 


/(*) 

z 2 + 1 


dz = 2ni res 


m 


z=i Z 2 + 1 


= 7T/(*), 


7+ 


r^e KOHTyp HHTerpnpoBaHHH 7 + ii3o6pa>KeH na pncyriKe 3. 

Otmctiim, tto b AaimoM npiiMepe 3aMbiKaTb KOHTyp HHTerpnpoBaHHH cmi3y HejiB3H, noTOMy tto 
nOAbi ht erpan bh a h (Jatikhith ne onpe/i;e.ieHa b nuna-ieii no.iyn.iooKOCTii. □ 
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6.7. BbiHHCJieHne HHTerpajiOB, coflepacamnx TpnroHOMeTpHMecKHe (JjyHKipiH, no Beipe- 

CTBeHHOH OCH. 


TeopeMa 6.30 (BbiHncjieHne HHTerpajiOB, co,nep7Kain;Hx TpnroHOMeTpnHecKne c^yiiKipni, no Bein,e- 
CTBeiiHon ocn). Tlycmb 

• R - paVfUOHCuibHasi (fiyunyuA; 

• R(z) = O (-) npu z —> oo; 

• oco6ue monKU R ne Aeotcam na eeu^ecmeennou ocu; 

• E + = {zf, Z 2 ,... ,z„} - MHOotcecmeo oco6ux moueK cjjyuKyuu R e eepxneu noAynAOCKoemu, 
gde n G N; 

• E_ = {z± , Z 2 | • • •, - MHOotcecmeo oco6ux moueK fiyuKyuu R e nuotcneu noAynAOCKoemu, 

gde m G N; 

• p > 0 maKoe, umo E + U E C {z \ \z\ < p}; 

• 7+ - noAOCHCumeAbuo opuenmupoeannaA gpanuya noAyupyga {z \ \z\ < p, Im(z) > 0}; 

• 7_ - ompuyameAbHO opuenmupoeannaA gpanuya noAyupyga {z \ \z\ < p, Im(z) < 0}; 

• a > 0 . 


Togda 


S R ^ dx 


R(z)e iaz dz, 



R(z)e~ iaz dz. 


7+ 


7- 


3aMenaHne 6.31. 3aMemuM, umo fiyuKyua e zaz ydueaem npu z —>■ +ioo (eepxnAA noAynAoc- 
Kocmt), e mo epeMA kcik ^ynnyuA e~ iaz ydueaem npu z —* — ioo (huchchaa noAynAOCKoemu). 

Epy6o goeopA, uoumyp unmegpupoeaHUA nyotcno 3ciMUKamt> e mou noAynAOCKoemu, e Komopou 
ydueaem noKa3ameAt>naA cfiyuKyuA. 


/^OKa3aTejiBCTBO. 7IoKa>KeM nepBoe paBeriCTBO. /JoKasaTejibCTBO BToporo npoBO^HTcn ana.uorii T mo. 
IlycTb 7 ,, - no.no7KHTe.nbHO opneHTHpoBaiiHan rpannna nojiynpyra {z | \z\ < r, Im(z) > 0}, iyje r ^ p. 
II 3 TeopeMbi 6.15 c. ie;iyor. hto 


R(z)e iaz dz — I R(z)e iaz dz = 2m V res R(z)e iaz . 

I z—t z=Zk 


7+ 


7 r 


k =1 


BMecTe c 9 thm .nerno BiineTb. hto 


7r 


R(z)e iaz dz = j R(x)e iax dx+ J R(z)e iaz dz, 

— T Q+ 


r,n;e C+ - Bepxnnn no.nyoKpynvnocTb pa/piyca r. OTCio^a n ns TeopeMbi 6.22 (.neMMa TKopyaHa) 
cneyveT. hto 


R{ 


z)e 


' dz = 


lim 

r —>+00 


R(z) 


dz = 


lim 

r —>+00 


R(x) 


dx + lim 

r —>+00 


R(z) 


dz = 


7+ 


7 r 


C? 


R(x)e iax dx. □ 
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llpHMep 6.32. BuuucAumb unmezpaA 


cosx 


J x 2 + a 2 

R 

PemeHne. II 3 TeopeMbi 6.30 nojrynHM, hto 


dx, a > 0. 


cos a: 


x 2 + a 2 


dx = Re 


x 2 + a 2 


dx = Re 


z 2 + a 2 


dx = Re ( 2 'n i res 


z=ia z 2 + a 2 


\ 7 + 


= Re ( 2 m —) = —, 

\ 2 1 a J ae a 

r^,e KOHTyp HHTerpnpoBaHHH y + Ti3o6pa>KeH na pucyiiKe 3. □ 
llpHMep 6.33. BuuucAumb unmespcui 

f sin x 

dx. 


x 2 + ix + 2 


PemeHne. II 3 TeopeMbi 6.30 nojiym-iM, hto 


sin a; 


dx = — 


dx — — 


x 2 + ix + 2 2i J x 2 + ix + 2 2i J x 2 + ix + 2 


dx = 


dz - 


2i J z 2 + iz + 2 2i J z 2 + iz + 2 


dz = 71 res 


Ti res 


=i z 2 + iz + 2 3=-2» z 2 + + 2 


7+ 

„-i 




Til 


= 7 r-7r-=-(e 1 + e 2 ), 

3* — 3i 3 v 

nae KOHTypbi iiiiTerpupoBamm 7 + 11 H3o6paoKeHbi na pncyHKax 3 n 4 cooTBeTCTBeimo. □ 


6.8. BbiHHCJieHne HHTerpajiOB, co^epoKaipHx ycTpaHHMBie oco6eHHOCTH Ha KOHType hh- 
TerpnpoBaHHH. 


llpHMep 6.34. BuHUCAumb unmezpaA 



(6,5) 


PemeHne. IIpoBepiiM, hto no 3 ?>iHTerpa. 4 bHai 4 cjoymapin iiMeeT ycTpariHMyio ocoSyio tohkv b oxpecT- 

HOCTIl I 4 VJI 5 I 

sin i = £± 0( f 3) =1 + 

TaKHM o6pa,30M, HHTerpa.4 (6.5) KoppexTHO onpeAe.aeH. 

Ilocxojibxy noflbiHTerpa.ubnan cjiynxumi co^epacnT TpHroiiOMeTpinecKyio (Jjvhkhhfo sin a;, to 7 . 4 a 
BbinncJieHHa HHTerpa.ua (6.5) naM Tax hjih Hi-iane hpoOxoahmo Oyaer BOcno.4b30BaTbca TeopeMoii 6.22 
(.iieMMa /Kop;iaiia). B cboio onepe^b, 7.451 Toro hto6m BOcno.absoBaTbca jieMMoii >Kop 7 ana naM neo6- 
X 07 HM 0 pa ioiri b HHTerpa.4 (6.5) b cyMMy Tax, hto6m pasnecTH sxcnoiienTbi e lx h e ~ lx , coAepavanpiecH 
b CHHyce, no paaribiM HHTerpajiaM. IIpHMOJiHHeHHbiH cnoco6 paaSneinM HHTerpa.ua (6.5) b cvmmv 


/ 


sin x 

- dx 

x 


? 



R 


— dx — 
x 


1 

2 i 


I 



x 


( 6 . 6 ) 
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HeMe^Jiermo npiiBO^HT k oimioKe. nocKQjibKy Ka>K;n>i ii 113 HHTerpa- 
jiob, CToanpix b npaBOil nacTii (6.6), co,n;ep:>KHT He HHTerpupyeMyio 
oco6eHiiocTb b Hy.ne. 

06ohth vKaiannyio Tpyu;HOCTb mo>kho c.ienyKtmiiM o6pa30M. 
OyHKpHH peryjinpiia bo Been KOMnjieKCHofi njiocKOCTH, b tom 
Piic. 5. KoHTyp 7 BBifleneri HHCJie H B oKpeeraocTii nyjiH. IIpo^ec^opMHpyeM KoriTyp HHTerpn- 
KpaCHBIM HBCTOM. pOBaHHH B OKpeCTHOCTH IiyjIH BIIH3, CM. pHCyHOK 5. IIpH TaKOIi 7;e- 

(JjopMapHH KoriTypa, b cnjiy TeopeMbi Kohih 3.6, 3HaHerrae HHTerpa.ua (6.5) He h3M6hhtch. OTCto^a 



/ 


sm x 

- dx 

x 


I 


sin z 
- dz 

z 


7 




e -iz e iz 

- dz = tt res -0 = 

z z=o z 


7+ 7- 

r.ie KOHTypbi HHTerpnpoBaHHH 7 + h 7 _ inoopaiKeim na pucyriKax 6 h 7. 


TT, 




Phc. 7. KoriTyp 7_ Bbi^enen KpacnbiM upeTOM. 


OT^ejibHO OTMeTHM, hto npn BbiHHCJieriiiH HHTerpajia J dz cornacrio TeopeMe 6.30 Mbi 3aMKHy- 

7 

jih KOHTyp HHTerpnpoBaHHH CHH3y (nejib3H cnepxy) 11 HHTerpajia f — dz corjiacHO TeopeMe 6.30 - 

7 

CBepxy (nejib3H CHH3y). □ 


6.9. HHTerpaji b CMbicjie rjiaBHoro 3HaHeHHa. 


6.35 (HHTerpaji b CMbicjie rnaBHoro 3HaHenim (b OKpeCTHOCTH KoneHiion oco 6 oh 


• —00 < a < c < b < +00; 

• / G C[a, c ) D C(c, b\. 

HnmezpaAOM e CMUCAe ZAaenozo 3 HaueHUH om $yuKyuu f no ompe 3 Ky [a, b] Ha 3 ueawm eeAununy 

b / c—e b \ 


Onpe^ejieHHe 

tohkii)). IJycmb 


v.p. / f(x) dx = lim 
/ £->+0 


f(x) dx + / f(x) dx 


C+E 


(6,7) 


ecAU npedeA e npaeou uacmu (6.7) cyiu,ecmeyem. 
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6.36 (BbiHHCJieHne HHTerpajiOB b CMbicjie r.naBiioro 3naneHH5i (b OKpeeraocTH KOHenHon 
oco6oh tohkh)). Fly emu 

• —00 < a < c < b < +00; 

• D - oduoceA3uaA o6nacnib; 

• [a, b] C D; 

• feH(D\{c}); 

• c - nojiwc nepeoso nopndKa tfiyuKyuu f; 

• 7+ - ZAadnuu Koumyp e D, noAyueuHuu nymeM deifiopMayuu ompe3Ka [a, b] eeepx e omuo- 
cumeAbHO mclaou OKpecmuocmu mourn c, cm. pucyuoK 8; 

• 7_ - ZAadKuu Koumyp e D, noAyueuuuu nymeM de$opMayuu ompe3Ka [a, b] enu3 e omuocu- 
meAbuo mclaou OKpecmuocmu mouKU c, cm. pucynoK 9. 


TeopeMa 


Toeda 


v.p. / f(x)dx = / / (z) dz + ni res / (z) = / f(z) dz — ni res f(z). 


7+ 



Phc. 8. KoHTyp 7 + Bbi/i;ejieH KpacubiM upeTOM. Phc. 9. KoiiTyp Bbipenen KpacHbiM h;b6tom. 


/^OKa 3 aTejii>CTBO. IlycTb e - Majioe nojio>KHTejiBHoe hhcjio h 

C £ = {z | \z — c\ = e, Im z ^ 0}, 7 e = [a, c — e] U C e U [c + £, b\. 

Mbi 6yn,eM npeppojiaraTb, hto nojiyoKpyncHOCTb C £ opneHTHpoBana no xopy nacoBofi CTpejiKH, a 
opneHTapna KOHTypa y £ cooTBeTCTBy bt nanpaBnennio ppHaceHHH ot tohkh a k t 0 t tk e b. 

II3 TeopeMbi 3.3 (iinTerpajibnan TeopeMa Konin) cjiepyeT, hto 


j f(z)dz — I f(z)dz — I f(x)dx + J f(z)dz+ J f(x)dx. 

7+ 7e a C e c+e 


OTCiopa 


f(x)dx + / f(x)dx = / f(z)dz— / f(z)dz. 


( 6 , 8 ) 


ITpn z c cnpaBe^JiHBO pa3Jio>KeHHe 


f(z) = -^- + 0( 1), c_i = res f (z). 

Z — C z=c 


Cjie^OBaTejibHO, npn £ —>■ +0 BepHO, hto 


f(z) dz= ——^—b 0(1) dz — 1 dz + 0 (e) = —nic-i + 0 (e). 


z — c 


z — c 


Ce 


Ce 


Ce 


(6.9) 
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TIepexo;i,a k npene.ay npn e —* +0 b paBeHCTBe (6.9), nojiyaiiM, t ito 

lim / f(z) dz = — iriresf(z). (6.10) 

£—>+0 J Z=C 

Ce 

IIs (6.10) cnenyeT. t ito cyipecTByeT npe^e.n npii £ —* +0 b npaBOfi, a, r. k\ uma re/ibno. n b neBofi. 
T iacTax paBencTBa (6.8). I Iepexo,n;a k npe^ejiy npii £ —> +0 b paBeiiCTBe (6.8), nojiyaiiM, mto 

-€ b 


lim 

£—^T0 


f(x)dx+ / f(x)dx = / f(z) dz + 7ri res f(z). 


C+£ 


7+ 


Aiia/iorriTno MOKaibiRaeTca. tto 

c— £ b 

f(x)dx+ J f(x)dx \ = I f(z) dz — ni res f(z). □ 

c+£ / 7- 

IIpHMep 6.37. BunucAumb unmespaA e CMUCAe SAaenoso 3 H(memiA 

r i 


lim 

£—>-+0 


v.p 


PemeHHe. Oyrnapia 


(x + l)(a: 2 + 1) 

R 

m = 


dx. 


(z + l)(z 2 + 1) 

HHTerpnpyeMa b OKpecTHOCTii SecKOiiennocTH h HMeeT na KOHType HHTerpHpoBaima no.moc nepBoro 
nopa,n;Ka b tomkc z = —1. Il3 TeopeMbi 6.36 cjie^yeT, t tto 


v.p. 


(x + 1)(t 2 + 1) 


dx = 


(z + l)(z 2 + 1) 


dz + Tii res 


*=-1 { z + l ^ + l )’ 


( 6 . 11 ) 


7+ 


r,n,e KOiiTvp 7 + nojiyaeH nvTeM fle^opMapim BemecTBeimoii och BBepx b OTHOCiiTejibHO Man oil OKpecr- 
HOCTH TOHKH Z — — 1. 

SaMbiKaa KOiiTyp h h rer ]> it |> o b an ti a CBepxy, H3 TeopeMbi 6.26 nojiyaiiM, t ito 


(z + l)(z 2 + 1) 


dz = 2m res 


= 2m- 


z=i (z + l)(z 2 + 1) (z + 1)2 Z 


7T 


1 + i 


7+ 


KpoMe Toro, jierKO BH^eTb, x ito 


res 


z=-i(z + l)(z 2 + l) 2' 

rioMc iaB.'iaa nonyaeiiiibie B?>ipa>KeHna b (JiopMy.ay (6.11), nail iom 

/ I 71 Tli 71 

- - - -- dx =-1-= —. U 

(x + l)(x 2 +1) 1 + 7 2 2 
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6.38 (IinTerpaji b CMbicne rjiaBnoro 3HaueHua (b OKpecTiiocTii SecKOHeuuo yzja- 
Tlycmb 

• f 6 C(K). 

IiurriespaAOM, e cMucjie zaughozo 3huhchua om tfiyuKyuu f no eeiyecmeennou ocu Ha3ueawm 
eejiununy 


Onpe^ejieHHe 

JieHIIOH tohkh)). 


R 


v.p. 


f(x) dx 


lim 

R —^-|-oo 


f(x) dx, 


-R 


( 6 . 12 ) 


ecAU npedeA e npaeou uacmu (6.12) cymecmeyem. 


TeopeMa 6.39 (BbiuucjieHue HHTerpajiOB b CMbicjie raaBHoro 3HaueHun (b OKpecTHOCTH 6ecKOHeurio 
yuajiemiOH tohkh)). Flycrnb 


• R - payuonaAbHCLH cfjyuKyu.H; 

• R(z ) = O (7) npu z —» 00 ; 

• ocodue mourn R ne Aecncam na eeiyecmeennou ocu; 

• p > 0 maKoe, nmo R ne UMeem ocodux moueK npu \z\ > p; 

• 7 + - noAOCHCumeAbuo opuenmupoeanHciA zpanuya noAyupyza {z | \z\ < p, Im(^) > 0}, cm. 
pucynoK 3; 

• 7_ - ompuyameAbHO opuenmupoeannaA zpauuya noAyupyza {z \ \z\ < p, Im(z) < 0}, cm. 
pucynoK 4. 


Tozda 


v.p. / f{x) dx= f(z ) dz + ni res f(z) = / f(z) dz — ni res f(z). 


7+ 


/I)oKa3aTejibCTBO. IlycTb R ^ p h 

Cr = {z | \z\ = R, Imz ^ 0 }, 


7 R — [—R, -R] U Cr. 


Mbi 6yn;eM npe^no.naraTb, t tto nojiyoKpynaiocTb Cr h KOHTyp 7 r opueHTupoBaHbi npoTHB xo^a 
T iacoBoii eTpejiKH. 

Ms TeopeMbi 3.3 (iiHTerpajibHan TeopeMa Korun) cjie,n;yeT, uto 

R 


7+ 


f(z)dz— I f(z)dz= J f(x)dx+ I f(z)dz. 

7 r -R C R 


OTCio^a 


R 


-R 7+ 

n P u z —> 00 cnpaBe/yiHBO pasjiooKemie 


/(x) dx= J f(z) dz - j f(z ) dz. 

Cr 


f(z) = -— + °(W c_i = res f(z). 

z \ z J 2=00 

C.ne 7 ;oBaTe.iibiio, npu R —* +cx) Bepuo, mto 

J f(z)dz= f (-^ i + 0 ( 4 )) dz = ~Jcr dz + 0 (4) = - 7Tlc ~ 1 + 0 

Cr Cr Cr 



(6.13) 


(6.14) 
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Ilepexcypi k npeneny npn R -A +oo b paBencTBe (6.14), nojiyamvi, hto 


lim / f(z)dz = — ni res f(z). 

R—H-oo J 2=00 

Cr 


(6.15) 


H 3 (6.15) (yip lyci. hto cynxecTByeT npe^en npii R —> +cx) b npaBofi, a, c.ne^OBaTe.nbHO, h b jieBofi, 
nacTax paBencTBa (6.13). Ilepexo^a k npe^e.ny npii R -A +oo b paBPHCTBe (6.13), nojiyaiiM, t ito 

R 

v.p. / f(x)dx= lim / f(x)dx= / f(z) dz + ni res f(z). 

I R—y +oo / / 2=00 


— R 


7+ 


Anajiorimrio ^OKasbiBaeTca, t ito 

v.p. / /(x) d/x — I f(z) dz — iri res f(z). □ 

J J z =°° 

R 7 _ 

IIpHMep 6.40. BunucAumv UHmezpaji e eMuejie SAaenoso 3HaneHUA 

[ x 


v.p. 


PemeHHe. OyiiKipia 


x 2 + 3 ix — 2 

R 

/(*) = 




z 2 + 3iz — 2 

yn o b . 3 ex b o p a ex ycaoBHaM TeopeMBi 6.39. CnenoBaTeabHO. 


X 


v.p. 


x 2 + 3 ix — 2 


dx = 


z 2 + 3 iz — 2 


dz + 7Ti res 


*=oc z 2 + 3iz-2 : 


(6.16) 


7+ 


r,a;e 7 + - nojioaaiTejibHO opiieHTiipoBarinasi rparmira no.nyxpyra {z \ \z\ < 3, Im(z) > 0} (ocoSeimo- 
cth (JiyTTKiuni / pacnojiaraiOTca b tom khx —i 11 —2?'). 

Jlerito BH^eTb, hto 

( z 


z 2 + 3 iz — 2 


dz = 0 


7+ 


res ~ = res - = —1. 

2=00 z 2 + 3 iz — 2 2=00 z 

ricyiyTaBjiaa nojiyaemibie Bbipaaceima b cjropMyjiy (6.16), nafi^eM 

f x 


v.p. 


x 2 + 3 ix — 2 


dx = —Tii. □ 
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7. IIpHHi],Hn apryMeHTa 


7.1. IIpHHi],Hn apryMeHTa. 

7.1 (IIimeKC cpynKTTTiTi Ha k[H iBOH). Tlycmb 

• 7 - 3aMKHymaH opueumupoeauuaA Kycouuo-ZAadKaA Kpuean e C; 

• / - uenpepueuasi K0MnAeKCH0-3uaHuaA tfiyuKyun ua Kpueou 7 ; 

• V z e 7 f ( z ) 7 ^ 0 . 

HndeKCOM tfiyuKyuu f ua Kpueou 7 ua3ueaiom yeAoe hucao 

ind(/, 7 ) = ^A 7 arg /, 

sde A 7 arg / - npupau^euue uenpepueuou eemeu apgyMeuma (jkjHKyuu f(z ) nocAe oduoKpamuoeo 
o6xoda mouKou z Kpueou 7 e uanpaeAenuu 3adauuoM opueumayueu ua Kpueou 7 . 

JJpysuMU CAoeciMU, uudeKC ifiynKyuu f ua Kpueou 7 - 3mo hucao o6opomoe viouku f(z ) eoKpys 
uauciAa Koopduuam, omcnumueaeMue npomue xoda uacoeou cmpeAKU, npu oduoKpamuoM o6xode 
mouKou, z Kpueou 7 e uanpaeAenuu 3adanuoM opueumayueu ua Kpueou 7 . 


Onpe^ejieHHe 



Phc. 10. ind(/, 7) = 1. Phc. 11. ind(/, 7) = —2. Phc. 12. ind(/, 7) = 0. 

IIpHMep 7.2. Ha pucyuKax 10 - 12 u3o6pacnceuu npuMepu o6pa3oe ueKomopou Kpueou 7 npu nod- 
xodmjneM omo6pacnceuuu f , a maKcnce npueedeuo coomeemcmeytmyee 3Haneuue uudeKca. 

7.3 (IIpHHipm apryMeriTa). Hycmb 

• D - ozpauuHeuuaA oduoc6A3uaA odAacmb e C; 

• spanuya 7 o6Aacmu D mAAemcA noAocncumeAuuo opueumupoeauuou Kycouuo-ZAadKou 3a- 
MKuymou Kpueou; 

• E = {ai, a 2 ,.. ■, a n } C D , sde n G N; 

. f eH(D\E)nC(D\E); 

• E - MuocHcecmeo noAiocoe <fiyunyuu f (cyvyecmeeuuo oco6ue uiohku ucKAwnawmcsi) ; 
•Vze 7 f(z) ± 0 ; 

• N - hucao uyAeu fiyuKyuu f e oSAacmu D, npuueM Kacncduu uyAU depemcn cuioauko pa3, 
KaKoe eeo nopsidoK; 

• P hucao noAwcoe (fiyuKyuu f e o6Aacmu D, npuueM Kacncduu noAtoc 6epemcsi cuioauko 
pa3, KaKoe ezo nopndoK. 


TeopeMa 
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Tosda 

ind(/, 7 ) = N — P. 

,HoKa3aTejiBCTBO. Tyitktutx / HenpeptiBHa b6jiii3ii kphboh 7, no-miMy cyrgecTByeT XocxaTOXHO 
6 xiT 3 Kax k neii KpiiBaa j e , pacnoxaraKXiiaxcx CTporo biivtph odxacxiT D, 11 thkhx. xto Bee noxioca 11 
hvxh c/yn 1 x 13111 / pacnoxaraKjxcx bhvtpii kphboh r j £ . Paxn ynpoHiemix o6o3iiaxeHHH, mbi coxpaHHM 
o6o3HaxeHHe 7 3 a hoboh kphboh 7^, oxnaKO, Tenepb mbi mo>k 6 m cxHTaTb, xto / - XHcJi^epeiipiipyeMax 
(j}VHKH,HH B OKpeCTHOCTH KpHBOH 7 . 

3aMeTHM, xto (j)yHKHHx ln|/|(x) nocxe oxHOKpaxHoro odxoxa, toxkoh x kphboh 7 ne Moxiex h3- 
M 6 HHTb CBOerO 3HaxeHHH, nOSTOMV 

A 7 ln|/| = 0. 

C'xexoBaxexijHO. 

A 7 In / = A 7 (ln I/I + i arg /) = A 7 In |/| + ?:A 7 arg / = iA 7 arg /. (7.1) 

M 3 TeopeMbi 3.12 (/xipMyxa HbiOTOiia-MeHSuiipa) noxyxiTM. xto 

f f f A 1„ £ (>-r 


dz= ^ln/(x)j dx = A 7 ln/. 


II 3 (7.1) h (7.2) noxyxiiM cxexyKxiiee Bbipaxverme xxx inixeKca (])vhkiuth / na kphboh 7 

ind(/, 7) = dz - 


TIxx toto xto6bi BbixiicxHTb iTHxerpax (no BbixeTaxi), otox ttt hh b npaBOH xacTH paBei-iCTBa (7.3) 
iiccxexyeM ocodei-mocTH noxbiHTerpaxbHOH (/ynKrijm. Mcho, xto (jiyuKiuix HMeeT ocodeiinocTii 

TOXbKO B HVXXX II nOXIOCaX (/vTIKTIHII /. 

II 3 TeopeMbi 4.14 cxexyex,, xto mho>k6Ctbo Hvxefi b odxacTH D Koiiexuo (iinaxe Hanixacb 6bi 
TOXKa crymeHHH bhvtpii odxacTii I). OTKyxa cxexoBaxo 6bi, xto / = 0 b D). Mvctb {b±, b 2 , ■ ■ ., b m } - 
MHoxcecTBo Hyxefl (jjyiiKiiHiT / b odxacTH I). rxe m G N. nycTb b k - hoxb nopxxKa j3 k G N (/yinxuni /, 
rxe k G {1,2,..., m}. Torxa, b OKpeCTHOCTH toxkii b k ([jynKxinx / pacKxaxbiBaeTCx b pax Teflxopa 
Biixa 

f(z) = c(z - b k ) h + 0((z - b k ) /3fc+1 ), 

rxe nocTOHHHaa c ne paBiia, riyxio h saBiirirr ot toxkii b k (paxn ynpoixeirax o6o3iiaxeHHH mm ne 
dyxeM CHafxKaTb nocToarmyio c xonoxHHTexbHMMH HHxeKcaMn). Otcioxs noxyxiiM. xto 

f\z ) c(3 k (z - b k Y k ~ l + 0((z - b k )? k ) f3 k 1 + 0(z - b k ) (3 k 


J _ I " V V- J _ rK - I ^ V- _ rK | X3/1 \ 

f(z) c(z - b k )A + 0((z - bk)^ 1 ) z-b k 1 + ()(z - b k ) z- b k 
npn x — > b k h, exexoiia re.ibiio. 

f'( z ) O 
res = p k - 

z=b k /(x) 

PaccMOTpiiM Tenepb noxioc a k 4ivhkh;hh /, rxe k G {1,2,...,n}. nycTb a k - noxioc nopxxKa 
a k G N (/yiiKTurn /. Torxa, b OKpeCTHOCTH toxkii a k (j)yiiKiuix / pacKxaxbiBaeTCx b pxx Jlopana 
BHxa 

f(z) = c(z - a k )~ ak + 0((z - a k )~ ak+1 ), 
rxe c/ 0. Otcioxa noxyxiiM, xto 

f(z) _ -ca k (z - afc)"^" 1 + 0((z - a k )~ ak ) _ a k 1 + 0(z - a k ) _ a k + 
f(z) c(z - a k )~ ak + 0((z - a k )~ ak+1 ) z - a k 1 + 0(z - a k ) z - a k 


+ 0 ( 1 ) 
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npn z —> afc h, cjieflOBaTejibiio, 


/'(-) 

res „, , = — 


/(z) 

HaKorien;, Hcnojib3ya TeopeMy 6.15 o BbineTax h c|)opMyjiy (7.3), nojiyniiM 


ind(/ ’ 7)= M 


r /'w j v’ 

J W) dz = ^ 


res 


/'(•-) 


E 


m 


n 


r — . . , res > 


ak = N — P. □ 


7.2. OcHOBHaa TeopeMa ajire6pti. 

7.4 (TeopeMa Pyrne). IJycrm> 

• D - ogpaHUHeHHdH odnocemuaH o6Aacrm> e C; 

• zpauuya 7 o6Aacmu D mAAemcA Kycouuo-ZAadKou 3aMKuymou Kpueou; 

• F eU(D)nC(D), f eH(D)nC(D); 

• V £ G 7 |/(2)| < |F(*)|; 

Fosda ifiyHKyuu F u F + / uMetom e o6Aacmu D oduuaKoeoe KOAunecmeo mjAeu c yuemoM ux 
nopndKoe. 

,ZI(OKa3aTejII>CTBO. 3aM6THM, HTO 

v z G 7 |F(*) + /(*)| > |F(*)| - |/(*)| > 0. 

TaKiiM o6pasoM, (j)yiiKTuiTi F + / h F He odpargaiOTca b hojib Ha kphboh 7. C.ieApBaTe.ibiio, 

A 7 arg(F + /) = A 7 arg ^F ^1 + = A 7 argF + A 7 arg ^1 + . (7.4) 

H3 ycjiOBHa V z E 7 |/(z)| < |F(z)| CJie^yeT, hto npn flBHaceHHH tohkh z b^ojib kphboh 7 TOHKa 
w = 1 + Bee BpeMa ocTaeTca BiiyTpn Kpyra {w \ \w — 1| < 1}. 3to 03HanaeT, hto 

A 7 arg fl + IpJ = 0. 

OTCio^a h H3 (7.4) nojiyniiM, hto 

A 7 arg(F +/) = A 7 argF (7.5) 

HaKOHep, 113 TeopeMbi 7.3 cjie^yeT, hto 

N(F) = hid (F, 7), N(F + /) = md(F + /, 7), 

pge N (F) h N(F + f) - KOjinnecTBO Hyjiefi c^yHKipm F h F + / c yneTOM ux nopa^KOB. OTCio^a, 
npHHHMaa bo BHHMaHHe (7.5), nojiyniiM, hto 

N(F + /) = ind(F + /, 7) = ^A 7 arg(F + /) = i-A 7 arg F = ind(F, 7) = N(F). □ 

TeopeMa 7.5 (OcHOBiiaa TeopeMa, anredpbi). JJaa ak>6oso n E N ypaeueuue 

Z‘ n + C n —\Z n 1 + C n _2Z n 2 + . . . + C\Z + Cq = 0 


TeopeMa 


UMeem poeuo n KOMnAeKCHux uopueu c ynemoM ux Kpamuocmeu. 








JTEKipiH no METO^AM MATEMATHMECKOH OH3HKI-I (5 CEMECTP) 


63 


/HOKa3aTCJIfcCTBO. PaCCMOTpHM ([aTIKTIIIII BTina 

V Z £ C = Z n , f {%) = C n _i Z n 1 + C n —2Z n 2 + . . . + Ci£ + Co- 

JlerKO bhastb, hto F HMeeT pobho n xopiiefi c yaeTOM KpaTHOCTefi (z — 0 - e^iniCTBeHHbiil Koperib 
KpaTiiocTH n) . .Una /tOKasaxeabCTBa TeopeMbi AOCTaTOHHO noxaaaTb, t tto (jjynxTUTH F h F + f HMeiOT 
b C OAiiHaKOBoe KO.niiaecTBO Hvaefi c yaeTOM hx xpaTHOCTeii. 

Tax xax CTeneHb noaimoMa F Bbirne CTenei-111 noaimoMa /, to npn AOCTaTOHHO SoabinoM tio30>ktt- 
Te.nbHOM R Bepi-io, hto 

V z £ 7 = {z I \z\ = R} \F(z)\>\f{z)\. 

TaxiiM oSpasoM, npiiMemiMa TeopeMa Pyrne. T t -t it t ?>t b a a . hto R - npoii3BOJiBHoe Soabinoe aiicno, 
H3 TeopeMbi Pyrne caenyeT. hto (J)yiiKnjni F n F + / HMeiOT b C OAin-iaxoBoe xoanaecTBO Hvaefi c 
yaeTOM hx KpaTHOCTefi. □ 

llpHMep 7.6. Hailmu KOAunecmeo nyneu (fyuKyuu g(z) = zf — z 5 + 5 z 2 — z + 1 e upyze \z\ < 1. 

/loKaaaTejibCTBO. SaMCTiiM, t ito ([lynxium F(z) = 5 z 2 HMeeT o t ith xopeiib xpaTHOCTH a b a npn 
\z\ < 1. 

PaCCMOTpHM cJiyHKIIHIO f(z) = Z 7 — Z 5 — Z + 1. IIpH \z\ = 1 BepiIO, T ITO 

\f(z)\ ^ |a| 7 + |a| 5 + |a| + 1 = 4 < 5 = \F(z)\. 

OTCKJAa h H3 TeopeMbi 7.4 (TeopeMa Pyrne) caeaycT, t ito (JpyHxpHH F h g — F + f HMeiOT OAiinaxoBoe 
xoanaecTBO i-iyaefi b oSaacTii \z\ < 1. /IpyriiMii caoBaMH, (JjyiiKnjia g HMeeT ana xopiia c yaeTOM 
xpaTHOCTH B oSaaCTIl \z\ < 1. □ 
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8. MepoMop<J)Hbie (jiymapm 

8.1. Pa3Jio»ceHHe paupiOHajiBHBix cJjyHKipiH Ha npocTBie ppoGn. 


OnpepejieHHe 8.1 (MepoMopcjaiaa cJyyHKpHa) . (Pijhkh,u.h f Ha3ueaemcsi MepoMopcfmoU, ecAU 

• / e H {C \ E), zde E c C; 

• Ato6aH moHKa z U3 E aeAHemcA nontocoM (fiyuKyuu f. 


TeopeMa 8.2 (Pa3.io>KeniTe papnoHaabHbix (})yTiKiuiii na npocTbie ppo6n). Ilycmb 

• f - MepoMopfinaA (fiyHKyuH; 

• E = {zfc}£ =1 - MHOCHcecmeo noAwcoe tpyuKyuu f; 

• oo - noAwc uau yam,pauuMa.fi oco6an mouna cfjyHKyuu f. 

• f Zk - ZAaeuaH uacmt, p.nda Jlopana (JkjHKyuu f e OKpecmnocmu mouKU Zk, zde k G {1, ..., n}; 

• /oo - SAaenciA uacnib pnda Jlopana (fiynKyuu f e OKpecmnocmu SecKOHennocmu. 

Tozda 

(1) / - payuoHcuibHasi tfiyuKyun; 

(2) HaudemcA nocmoHnnan c E C maKan, umo 

n 

V z e C \ £ /(*)=c+/„,(*)+ £/„(*). (8.1) 

k =1 

/]^OKa3aTejibCTBO. PaccMoxpiiM BcnoMoraTeubHyio c^yHiopiio Biipa 

n 

WzeC\E g(z) = f(z) - foo(z) - ^2f Zh (z). 

k =1 

PacKaapbiBaa 4 )vhkti;iiio g b pap JIopaHa b OKpecTiiocTH .ino6oe ee oco6oh tohkh, nojiyaiiM, hto raaB- 
naa aacTb papa Jlopana paBHa nyaio. 3 to O inanaeT. hto g - peryaapnaa (/ynKniia b C. YmiTbiBaa, 
hto Ha SecKOHenHOCTH raaBHaa nacTb papa JIopaHa (/yiiKHiiH g r iaK>Ke pamia ny.iio. tio.tvhitm. hto 
g - orparmaeHa bo Been KOMnaeKCHOH naocKOCTH. OTCiopa h hs TeopeMbi 3.24 (TeopeMa JlnyBiijuia) 
caepyeT, hto g - nocToaimaa (jiynKTUTa b C. TaiaiM o6pa30M, mbi poKa3aan BTopoe v t b e p >kp e hit e 
TeopeMbi. 

3aMeTHM Tenepb, hto Kaxypoe caaraeMoe b npaBofi nacTH cJiopMyabi (8.1) aBaaeTca papnoHaabHofi 
(JiyHKpHH. OTCiopa caepyeT nepBoe yTBepxypeiiHe TeopeMbi. □ 


IIpHMep 8.3. Pa3A0dfcumb tpynKyuw 


na npocmue dpo6u. 


j., \ 2 z 2 + z + 2 
/W = z 2 — 3z + 2 


PemeHHe. OyHKpua / HMeeT Tpn ocoSbie tohkii: 1, 2 h oo. TaaBHbie nacTH papa JIopaHa cjiyiiKpiin 
/ B OKpeCTIIOCTII OCoSbIX TOH6K IIMeiOT Blip 


ZlO) = 


2z 2 + z + 2 


2z — 3 


z =1 


1’ 


AO) = 


II 3 TeopeMbi 8.2 caepyex, hto 


2z 2 + z + 2 

1 

2z-3 

z=2 z ~ 2 

, 5 

12 

z) — c - 

-V + - A 


12 


2 ’ 


2 ’ 


fc o(z) = 0. 


( 8 . 2 ) 
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r^e c G M. Ilepexo/m k npe/ryay npn z —> oo b paBencTBe (8.2), HafineM noc to a hh y kj c 


c = lim f(z) 

z—>oo 


, 2 z 1 2 + z + 2 

lim —- 

z^oo z 2 — 32 + 2 


2 . □ 


Otbgt: 


2z 2 +z+2 

z 2 -3z+2 


2 - 


_5 _, _L 2 _ 

z-1 z-2’ 


8.2. Pa3JioaceHHe MepoMopcJjHBix cJiyHKipiH Ha npocTbie apoSh. 


Onpe^ejieHHe 8.4 (IIpaBHjibHaa cnereMa KOHTypoB). roeopsim, nmo {7 n }^i - npaeuAunaA cu- 
cmeMa Kcmmypoe e C, ecmi 

• V n e N 7 n - 3aMKHymuu KycouHO-SAadnuu Konniyp; 

• moHKa z = 0 npimadAecHcum o 6 Aacmu intyi, ospaHunennou KonmypoM 71 ; 

• V n e N Konmyp 7 n Aeotcum enympu o6Aacmu, oepaHunennou KonmypoM 7 n +i; 

• d n = dist( 0 , 7 n ) —> 00 npu n —> 00 ; 

• 3 C > 0 : V n 6 N 7 - ^ C, sde l n - dAima Kcmmypa 7 n . 

dn 

TeopeMa 8.5 (PaxamKemie MepoMop<J)Hbix (JmrKipm na npocTbie /ipofai (cjiyaafi «v 6 biBaioiii,eii» 
(JwHKpim)). nycrrib 

• f - m ep om opcf)ua a ifiyHKyiiA; 

• E - MHOCHcecmeo noAtocoe cfiyuKymi f; 

• f c - ZAaenan uacmb pnda Jlopaua cfjyHKyuu f e OKpecnmocmu mouKU c, sde c G E; 

• {7n}^i - npaeuAbHCLA cucmeMa Konmypoe; 

• V n £ N 7 „, fl E = 0 ; 

• M n = max \f(z)\ —» 0 npu n —> 00 . 

z£ln 

Tozda 

(1) 

WzeC\E f(z) = lim V f c (z ); (8.3) 

n—>■ 00 z —* 

cG^flint7n 

(2) 3aa ak> 6 o 20 oepanuHenHoso MHOotcecmea K pad (8.3) cxodumcA paenoMepno na K, ecAii 
om 6 pocumt> e ueM Koneunoe uucao UAenoe, UMewviyix hoawcu e K. 


/](0Ka3aTejibCTB0. (1) IlycTb z G C \ E 11 n e N TaKoe, hto 2 ; e int7„. Toryja H3 TeopeMbi 6.15 
(TeopeMa 0 BbmeTax) cjie,nyeT, t tto 

= E 


2-7ri 


7n 


/(C) ^ ^ t 

res T- = /U) — > Jc 

c=c C — -2 ^ 

cSi?nint7 rl cGi?nint7 rl 


B iiuc.iemeM paBeriCTBe mm saMeTimiT. mto 

/(C) /c(C) /c(0 fc( 0 

res --= res --= — res --res --= — r c m. 

C =c(- z C=c( - z C=z ( - 2 C=oo C~ z 

. la. ice. npn n —> 00 BepHO, t ito 


7n 


1 f 2M„ 


< — 


2tt J d n 

In 


d|CI = 


MJ n < M n C 


71 d r , 


0. 


71 


OTCJOT,a, nepexo7,a k upe/ie. iv npu n —> 00 b paBeriCTBe (8.4), no,jiy T -niM (8.3). 

(2) C.ne^yeT H3 Toro, t ito oneriKa Biina (8.5) Bbino.riHsieTca paBHOMepHO i-ia K. □ 


(8,4) 


(8,5) 
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TeopeMa 8.6 (Pa 3 Ji 0 JKenHe (})yhkh;hh ctg( : 7r ~' 1 na cyMMy npocTbix ApoSeii). 


V z eC\E f( z ) = 


Ctg( 7 Tz) = J_ + 2 1 

z 7 tz 2 7r ^ z 2 — n 2 ’ 

n= 1 


sde E — Z. 


/]^OKa3aTe.iibCTBO. ^jia paa/ioyKenmi ([jyiiKiuin / na cvmmv npocTbix Mpooeii BOcnojib3yeMca tco- 
peMoii 8 . 5 . 

3aM6THM, hto ciic icMa KOHTypoB y n = {z | \z\ — n+ |} npn n e N HBjmeTca npaBiijibHOH h, 6ojiee 


Toro, 


max 

Z&ln 


Ctg(7T£) 


-)• 0 


npn n —» oo. 

OyHKpna / HMeeT nojnoc BToporo nop^AKa b tohk 6 z = 0. RnaBHaa nacTb / 0 pAia Jlopaiia 

cl)VHKIi;TTIT / B OKpeCTHOCTIl TOHKH Z = 0 IIMeeT hi i a 

fo(z) = 

7r z 2 

Ovhkh;h5i / HMeeT nojnoca nepBoro nopaAKa, b Toaxax z = n, tac n e Z \ {0}. DiaBHaa T iacTb f n 
paAa, . Iopana ([jyhktuih / b OKpecTHOCTH tohkh z — n HMeeT biia 


fn(z) = 


cos(tiz) 


z(sin(7T2;)) / 


z — n Tin z — n 


Takiim o6pa,30M, Bbino.THeHbi Bee vcjtobhh TeopeMbi 8.5, OTKyA a rro.aymTM. hto 


f(z) = lim •/'- 

A—>-+oo ' 


, , 1 1 1 
U) = —- + lim >- 

/V—^-l-nn • ^ 


|n|<A 


71 Z z A^+oo z ' Tin z — n 

0<|n|^A 


A 


7TZ 2 A-s>+oo 7T 


lim — 

—IT • ^ 


n =1 L 


l l 


l l 


n z — n n z + n 


A 


1 ..2 ^—- 

+ lim — > 

A—V-l-rvi IT Z -/ 


7r a^+oo 7r — n z 

n= 1 


□ 
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9. MHoro3HaHHbie (jiymapm 


9.1. AHajiHTHnecKoe npo^oji^ceHne. 


Onpe^ejieHHe 9.1 (AnajiriTiinecKoe npo^ojDKeime). Ilycmb 

• D - odnacmb e C; 

• E - nodMHOMcecmeo D; 

• f : E —» C; 

F G ft(D); 

= f (dpysuMU CAoeaMU, V z £ E f(z ) = F(z)). 

Tosda zoeopnm, umo F - anaAumuHecKoe npodoACHceuue f c MHOotcecmea E na odnacmb D. 


TeopeMa 9.2 (IIpHHipm anajuiTiinecKoro npo^ojiaceHna). Ilycmb 

• D - olAacmb e C; 

• E - nodMHOMcecmeo D; 

• MHOcncecmeo E uMeem npedeAbnyw mouny z *, nomopan Aecncum e D. 

Toeda ananumuHecKoe npodoAcncenue c MHOcncecmea E na olnacmb D eduHcmeenno. 


/IoKa3aTe.iibCTBO. IlycTb /inn HeKOTopofi cJjvhkhhh / Hainjiocb or a aHajiHTHaecKHX npoflOJiTKemin 
F\ h F-) c MHO?KecTBa E na oSjiacTb I). II 3 ycnoBim TeopeMbi c.ienyeT. t tto HaftneTca nocjie^OBa- 
Te.nbHOCTb {z n }™ =l nonapno pa3.aii T iHbix H3 MmoKecTBa E. cxonnmancn k Toaxe z*. OTCiona h 113 
TeopeMbi 4.14 (TeopeMa e^iiHCTBeiinocTii) cjie^yeT, t ito F\ = F 2 b o6jiacTn D. □ 


IIpHMep 9.3. 0'yuKyu.H e z : C —> C neAHemcA aHciAimmuecKUM npodoAcucenueM eeiyecmeenHou 
tfiyHKyuu e x : M. —* M. c eeu^ecmeenHou ocu na eao KOMnneKCHyw nnocKocmb. H 3 meopeMU 9.2 
cjiedyem, urrio manoe cmanumuuecKoe npodoAcncenue eduHcmeenno. 

Ahclaosuuho, K0MnAeKCH0-3HauHue (fjyHKyuu sin z, cos z u m. n. neAAwmcA anaAumuuecKUMU 
npodoACHceuuAMU coomeemcmeywu^ux eeu^ecmeennosnaunux $ynKyuu. 


TeopeMa 9.4 (TeopeMa PnMana 06 ana ji n t n t t ec k 0 m npo,n,oji»ceHHii). Ilycmb 

• 7 - KycouHO-SAadKCLA Kpuean e C; 

• D\ u D ‘2 HenepeceKawu^uecA olnacmu e C; 

• D = .D 1 U 7 U-D 2 - olnacmb e C (m. e. zpauuyu olAacmeu D 1 u D 2 UMewm ofnpyu) nacmb 7 J; 

• /1 eH{D 1 )nC{D 1 U 1 ); 


/ 2 6 H(D 2 )nC(D 2 U 7 ); 

V z e 7 fi(z) = f 2 (z); 


• V zeD F(z) = 
Toeda F e H(D). 


h{z), 


z G Di U 7 , 
z G D 2 U 7 . 


^OKa3aTejiBCTBO. J\jis flOKasaTe.TbCTBa Bocno.iib3yeMca TeopeMon 3.26 (TeopeMa Mopepbi). IlycTb 
T - npoii3BOJibiibiH KycoHHO-rjia^Kofi 3aMKHyTO0 KOHTyp b D. Ecjih r n;e.TiiKOM ;ie>KiTT b oSjiacTii 1)\ . 
113 TeopeMbi 3.3 (imTerpajibnan TeopeMa Konni) cjie^yeT, hto 


F{z) dz 


fi(z) dz = 0. 


r 


r 
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AHajiornHHO, ecjin T pejiuxoM jiejKHT b oSjiacTH D 2 , nojiyHHM, hto 

F(z) dz = I /2(A) dz = 0. 
r r 

HaKOiien,, nycTB KOHTyp I .iokttt OAHOBpeMenno b o6enx 06.1a ct^ix I) , h D 2 ( pa/ui onpe^ejieimocTH 
6yn,eM CMHTaTb, t tto xoiiTyp I nojiOHaiTejibHO opneHTiipoBaH OTiiocHTejiBiio CBoefi BiiyTpeiraocTH). 
B 3tom cjiynae nojioaaiM I\ = T n Di, T2 = T D D 2 11 71 = 72 = intr fl 7. ripn stom SyzjeM CHHTaTb, 
hto opiieHTanym Ha KOHTypax 7! h 72 3a,n,aHa Tax, hto6bi 3aMKiiyTbie KOHTypa 17 U 71 h 17 U 71 
oxasajincb no.io>KiiTe.ibiio opueriTHpoBaribi. B stom cjiynae opiienTaipiH ria KOHTypax 7! h 72 6ynyT 
npOTHBOnOJIOJKHbIMH, cm. pncyriOK 13. 



Phc. 13. OS.nacTb D x Bbme.neiia TCMiio-cepbiM iipeTOM, D 2 - CBeT.no-cepbiM, xoiiTyp T - xpaciibiM, 

7 - 3ejICHbIM, 7! H 72 - CHHHM. 


Jlerxo BH7,eTb, mto 

Tt Ti 71 72 r 2 

F(z) dz + I F(z)dz = j fi(z)dz+ j) f 2 (z) dz = 0. 

TiU7i r 2 U72 riU7i T2U72 

OTCipzja h H3 TeopeMbi 3.26 (TeopeMa Mopepbi) cjie/iyeT, hto F e H(D). □ 


TeopeMa 9.5 (npHiipim chmmctphh). Ilycmb 

• D - odziacmb e eepxueu nojiyrviocKocmu Imz > 0 ; 

• / G H(D); 

• spamiya odAacmu D codepcncum unmepeaA 7 eeu^ecmeenuou ocu; 

• / G C(DU 7 ); 

• V 2 e 7 f(z) G M. 

Tozda 
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(1) g5 ynnyuA f MOMcem 6urm> auanumunecKU npodoAwceua nepe3 7 e o6Aacrrib D* = {z | z G D}; 

(2) aHanumuuecKoe npodoAotcemie F 3adaemcA (fiopMynou 

f(z), zeD U7, 
m, z e D*. 

^OKa3aTejii>CTBO. H 3 BemecTBemiocTii c^ymainn / ria 7 C M. cne^yeT, hto 

V 2 e 7 f(z) = f(z). 

,J[oKa>KeM. hto (jn'TiKTuia 

V z E D* g(z) = f(z) 
peryjinpna b oSjiacTH D*. ,HeHCTBHTejibHO, 

V z e D* g(z + h) — g{z) = f{z + h ) - f(z) = f(z + h) - f(z ) = f'(z)h + o(h) = f{z ) h + o(/i) 
npn C 3 h —y 0. 

Tenepb Heo 6 xo 7 ,HMoe yTBepjK^emie cjie^yeT, H3 TeopeMbi 9.4. □ 

9.2. PeryjiapHBie BeTBH MHoro3HanHBix cJiyHKipiH. 

9.6 (Peryjinpiian b6tbb MHoro3Hamion cjyyiiKii;HH). OdH03HauHou pegyAApnou eem- 
6bK> (uau, coKpaui^enno, pegyAApnou eeme'bw) MH0g03HauH0u cfjyHKyuu f(z) e o6Aacmu D Ha3ueawm 
ecAKyw pesyAApuyto fiyuKyuK) f 0 (z ) e D maKym, umo e ak>6ou mouKU z G D 3Hauemie (pyuKyuu 
fo(z) coenadaem c o3hum U3 3HaueHuu tpyHKyuu f(z). 


OnpeAejieHHe 



IlpHMep 9.7. BudeAumb odH03HauHyK> pesyAApHyw eemeb tfiyHKyuu \fz. 

Pememie. OyiiKipin \fz b Ka>K;ioii Tonne z 7^ 0 iipTinmraeT Tpn pa3JinnHbix SHanemin. rpin Toro 
hto6bi Bbi^e.nHTb pery.napHyio BeTBb cJ^yiiKpim tfz, ynpGno nepemicaTb ee b nojinpnbix KOop7,iiHaTax 

f(z) = tfz= y/r e*4+ i2 ?. (9.1) 

IlycTb Tenepb Mbi c^HKcnpoBajin 3Hanenne cJ^ynKpiiPi f(z) = \fz b neKOTopofi Tonne zq 7^ 0, 
nanpiiMep, /( 1) = 1. PI3 npe^CTaBjieiiPia (9.1) bii^ho, hto ecjin mbi Tenepb 6yn;eM nenpepbiBiio 
npoflOAJKaTb (JjynKTuiio \fz Bvionb okpv>khocth \z\ = 1 npoTHB nacoBon ct pen kit. to no B03Bpain;eHHH 
b Tonny z = 1 apryMeHT tp nojiynnT npiipamemie paBiioe A ip = 2tt, h, cooTBeTCTBeimo, (liynKipin 

A / i Ay • 7T 

y z nojiy^HT ^onojiimTejibiibiH MHOOKHTejib e 4 = e 2 = 1 . 

Paecy>Kaaa anaaornano. mo>kho noHHTb, hto npn oGxoae Bao.ib amooro noriTypa, oxBaTbiBaioin;ero 
nanaao KOop^nnaT poBiio oatth pa3, (|)yTiKTijia tfz 6yae r [’ MenaTT, CBoe snaneniTe. 3to O inanaeT. 
t tto peryjinpriyio BeTBb c^yriKpun \fz mo>kiio BbiaeanTT, toabko b Tanon oo.iacTn. BHyTpn KOTopon 
ne.Tbsn npoBecTii 3aMKiiyTbin noriTyp, coaej^Kairniii BHyTpn ce6a nanajio KOop^nnaT. ITpriMepoM 
TaKon o6jiacTii MonceT ejiyjKHTb, nanpnMep, o6.iac r n, Biiaa 

D — C \ [0, + 00 ). 

cpHKcnpyeM b oS.nacTn D npe^enbi nsMenenna apryMeHTa ip G (0,27r). B pe3yjibraTe, corjiacuo 
npe^CTaBneHnio (9.1), Mbi MonceM Bbi^emiTb neTbipe pa3JinnHbie BeTBH c^ymainn ^fz 

fn{z) = ^e i 4+^, n = 0,1, 2,3. 

OcTanbiibie 3Hanennn napaMeTpa n npiiBO^HT k oanoii H3 onncaHHbix BeTBen c|).vttktiith ^fz. 

Otbgt: B o6jiacTH C\ [0,+oo) mo>kho Bbi^ejuiTb neTbipe 07H03Ha T nibie peryjinpiibie BeTBH f n (z) = 
tfr e l 4+*^, r^e n = 0,1, 2, 3 n p E (0, 2n ). 
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ripHMep 9.8. IJycmb e npaeou noAynAOCKoemu Re(z) > 0 3adana pegyAApnaA eemeb cjjyHKyuu 
f(z ) = sfz, ydoeAemeopAwipaA ycAoeuw /( 1 ) = 1 . Hailmu imaAumuuecKoe npodoAotcemie $yHK- 
yuu f(z ) 6 Aeeyw noAynAOCKoemb Re(z) < 0 nepe3 noAyocb (0,+ioo) u uepe3 noAyocb (0, — ioo). 
Cpaenumb 3Hau,euuA noAyneHHUx cmaAumuuecKux npodoAotcemiu e mowne z = — 1. 


PemeHne. I loprii k>m k nojiapHbiM KOopflimaTaM 

f(z) = Vz = Vre^ +inn , n G Z. 


(9,2) 


OiiKCiipyeM npe^e.fibi ii3MeHemia aprvMenTa p b npaBoii nojiynjiocKOCTii p G (—|). ()tc io;ia ii hs 
npeACTaB.de hit a (9.2) nojiyniiM, ato 

/( 1 ) = 

TaKiiM o 6 pa 30 M, BeTBb, yAOB.^eTBopjTKjiipiH yc.JiOBiiio /( 1 ) = 1 , nojiynaeTca, i-ianpiiMep, npn n = 0 . 
06 o 3 HaHiiM ee nepe 3 fo(z). 

/Jjia Toro mto 6 h aiia.nmi’iooKii npcmojioKiiTb (j)ynKmno f 0 ( z ) b jieBvio nojiynjiocKOCTb aepe 3 no- 
jiyocb ( 0 ,+ioo), BOcnojib 3 yeMca npeACxaB.a 6 h it e m (9.2) npn n — 0 

ft{z) = Vre 1 a 

H <J>HKCHpyeM npe^ejiH iravieHemia apryivieHTa p cjie,a,yioiii;iiM o6pa30M <p g (—f, ^). JlerKO BH^eTb, 
t ito ft(z) - peryjiapHaa BeTBb, ia^anTiaa b o6jiacTH C \ [0, — ioo). IIpii stom ())vhkii;tth f t [z) cob- 
na^aeT c (JoyHiapieii fo(z) b oSjiacTii Re(^) > 0, a noTOMy f t (z ) - a h a. a it t ti t i e c k o e npo r ao.a>KeHTTe 
())yHKipiTT fo(z) b .leBVKj nojiynjiocKOCTb T iepe3 nojiyocb (0,+ioo). 

/Jjia toto mto 6 h ana.THTH T iecKii npo r ao.a>KiTTb (Jatiktijiio f 0 (z ) b jieByio no.ayn.aocKOCTb nepe3 no- 
Jlyocb ( 0 , — ioo), BOcnojib 3 yeMca npe/ryTaR ae hit e m 

fb(z) = Vre 1 2 

ii (jDiiKCiipyeM upe kyii.i ii3MeHeHiia apryMeiiTa p G (—|). ()'K'B(i;iho. t ito fb(z) - ariajiiiTiiMecKoe 
npo,ao.a>KeHne (])yhktiiiit / 0 (a) b jieByio nojiynjiocKOCTb aepe3 no.ayocb ( 0 , — ioo). 

HailAeivr 3HaHeHiia BeTBefl f t (z) ii fb(z) b toakc z = — 1 



[ 

_i 

z =1 

i 

O 

i_ 


= e 


ft(-l) 

M- 1 ) 


r e 


re 2 


r= 1, ip=ir 


= e 2 = i, 


= e ~ l 2 = -i. □ 


r= 1, (p=—rc 


Otbgt: ft(-l) = i, f b (- 1) = —i- 

Onpe^ejieHHe 9.9 (Toaka BeTB.neHiia). Oco6an mouKa z 0 HcwueaemcA mounou eemeAenuA mho- 
g03HciHH0u cjjyHKyuu f(z), ecAii cyiyecmeyem manctA npoKOAoman onpecnmocmb 0 < \z — z$\ < r, 
umo ak)6(ia pezyAApnaA eemeb (fiyuKyim f(z) Mootcem 6umb (maAumunecKU npodoAotceua edoAb 
ato6ou yenoHKii o6Aacmeu, npimadAecHcaipux smou OKpecmnocmu, a naudemcA pegyAApnan eemeb 
cjjyHKyuu f(z), KomopaA ne Mootcem 6umb (maAumuuecKU npodoAotceua eo ecw npoKOAomyw OKpecm- 
nocmb 0 < \z — zo\ < r. 

IIpHMep 9.10. IJycmb f - pegyAApuaA fiyunyuA e ogpaHuueHHOu oJAacmu D. Haumu ece mouKii 
eemeAenuA (fiynKyuu Vf- 
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Pememie. II3 onpe^ejieima cae/iyex, ato toakh BeTBjieima - sto b nepByio oaepe^B ocoStie toakh. 
riosTOMy Bnaaaie bbihchhm b khkitx TOAKax (|)viiKnna \/J AonycnaeT Bi>ia,eaeHiie pery.napiioii BeTBii. 
i JT .tt a 3Toro bbiahcjihm ee nponsBO^riyio 



(9,3) 


CTporo roBopa, b BbipaaceHHH (9.3) iieooxoajTMO yKaiaTB Kaxaa bctbb KopHa BBi6paHa b o6enx aacTax 
paBCHCTBa, OAHaKO nocKO.nbKy mbi cefiaac iimeM toabko attttib toakh peryaapHOCTii (])vttktiittt \fj . 
to 3tot Bonpoc He HBaaeTca npiniTuinTia iiaibi m h mbi no3BOAHM ce6e ne ocTanaBjiiiBaTBca 11a rieM. 

II 3 paBeHCTBa (9.3) bhaho, ato ocoGbie toakh (JiyHKpHH y/~J MoryT noaBAaTBca b Tex TOAKax, 
b KOTopBix (j)yTiKTijTa / o6paiH,aeTca b hoab. TaxiiM o6pa30M, ecTecTBemiBie kattahaatbi Ha toakh 
BeTBAemia (])vttkhhh y/J - sto nynii (jmTKTUTii /. 

IlycTB b TOAKe Z(j E 1) y (JiyiiKTuiTT f(z) hvab nojiAAKa n. Toiaa ee mookho nepemicaTB b bhag 


f{z) = (z - z 0 ) n g(z), g(zo)^ 0, 


r^e g(z ) - peryjiapiiaa (^yiiKpua b oSaacTii D h n E N. OTCiOAa 

vTM = (z - 

II3 CKasaHiioro panee acuo, ato cJiyiiKpua \fg{z) AonycxaeT BBiAeaemie peryjiapHOH b6tbh b OKpecr- 
IIOCTH TOAKH Zq. n P H 3TOM y (JoyHKH,HH (z — Z 0 ) n ^ 2 (a, CJieAOBaTejIBHO, II y ())yHKIlHH V?) TOAKa Z 0 He 
aBaaeTca toakoh BeTBjieiiHa ecan n - aeTnoe h HBaaeTca toakoh BeTBaemia, ecjin n - neaeTiioe. □ 

Otbot: Toakh BeTBaeinia (Jaatktuitt \fj pacnoaaraiOTca b hvaax neaeTiioro nopaAKa ([aaiktutti /. 


IIpHMep 9.11. JJoKa,3arm>, umo (JiyuKV/u.H f(z) = Vz 2 — 5z + 4 donycnaem eudejienue pesyAApnou 
eemeu F e oKpecrrmocmu mouKU z = 0, ydoenemeopHTOu^eu ycAoeuw F(0) = —2. Haumu pe3yAt>mam 
cmaAumuHecKozo iipodoACHcemiA F e monuy z = 2 edoAb Konmypa 7 = {z \ \z — 1| = 1, Im( 2 ) > 0}. 

Pememie. Y cJiyiiKpiiH / abc KOiieaHBie toakh BeTBaemia z\ = 1 h Z 2 = 4. Bbcagm ABe noaapiiBie 




Phc. 14. rioaapHBie KOopAHHaTBi z — 1 = r\e lipi 
n z — 4 = r 2 e iV32 . 


Phc. 15. KoiiTyp 7 BbiAeaen KpacHbiM abctom, 
paspesBi - 3eaeiiBiM. 


CHCTeMBi KoopAiinaT c H,eiiTpaMii b 3thx TOAKax (cm. pilCyHOK 14) 

z — 1 = rie lipi , a — 4 = r 2 e lip2 . 
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B 3thx KOop,zi;imaTax (])yiiKTuia f(z) mokbt Gun, nepemicaiia ane^yioinHM o6pa,30M 

f(z ) = V( z ~ l )( z -4) = y/nr^i exp ^P 1 + ( P* + 2nn ^ ? n e Z. 

Jlaa Toro t ito6?>i (JpuKCiipoBaTb npe,n;ejibi irmeneHHM yrjiOB p\ 11 ip 2 , npoBe^eM pa,3pe3bi khk noKa- 
3a ho Ha pncyHKe 15. ripn 9 tom npe,u;ejibi iOMei-iei-nm yrjiOB vao6ho BbiSpa.Tb c.ne^yiomHM o6pa30M 
ipi G (—|, =y), G (0, 2tt). TaKHM oSpasoM, na oSjiac™ 

D — C \ ^[4, + 00 ) U (1 — ioo, 1] j 

(|)ynKn,HH / flonycKaeT bi.i to. lemie abvx peryjiapHbix BeTBefi 

fn(z) = Vnr^ exp ^Pi + ( P2 + 2im ^j 7 n = 0,1. 

Haii/iyM 3HaneHHH BeTBefi / 0 h f\ b tohk6 z = 0 

/o(0) = [971 = 7T, </? 2 = 77, r 1 = 1, r 2 = 4, n = 0] = 2e m = -2, 

/i(0) = [pi =77, <^2 = 7T, n = 1, r 2 = 4, n = 1] = 2e 2 ™ = 2. 

TaKHM o6pa30M, /o HBjiaeTca hckomoh BeTBbto F peryjiapHoii c])yTTKiinn /. 

SaMeTHM, hto oSjiacTb pery.THpHOCTTi D BeTBii /o Bbi6pa.ua Tax, hto KOHTyp 7 tixoihkom jieacHT b 
oSjiacTH I). IlosTOMy pesyjibTa.T aHajiHTHHecKoro np070 .T>k 6 htih botbtt f 0 b^o.tb KOHTypa 7 AaeTca 
3HaneHHeM 4 )vhkh,hh f 0 b xoHKe z — 2 

/o(2) = [pi =0, <p 2 = 77, r 1 = 1, r 2 = 2, n = 0] = = V2i. □ 
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9.3. PnMaHOBbi noBepxHOCTH npocTeiiniHx MHoro3HanHbix cjiyHKipiH. 

IlpHMep 9.12. PuManoea noeepxHocrm> (fiyuKipau f(z) = sfz. 

PemeHHe. Y (Jjvhkhhh ^fz cyjHa KOHCHHaa TOHKa bctbjichiih z\ = 0. Ilepexo^a k nojiapHbiM Koop- 
Amia'raM z = re'Y nepennmeM (|)vttkhhio / b Bnye 

f(z) = V^= V^e^ +inn , ne Z. (9.4) 

JXflsi Toro, hto6bi Bbi/jejiHTb o,n,H03HaHHbie bctbh cjiyiiKuyin /, npoBe^eM pa3pe3 H3 tohkh bctbjichhh 
Z\ = 0 Ha 6ecKoneHHOCTb b/jojib nojiyocn [0,+oo). CooTBeTCTBemio c stum, npe^enbi lkmchchhh 
yrjia p (JniKcupyeM cnenyronniM o6pa30M 

p G (0,2tt). 

IlapaMeTpaM n = 0 h n = 1 b <J>opMyjie (9.4) cooTBeTCTByiOT ^Be pa3Jin T iHbie perynapiibie bctbii 
/ o h fi (])vhktijht / (ocrajibiibie 3HaneHHH napaMeTpa n npiiBcypiT k oahoh h 3 yKasamibix bctbch). 
BbinpimeM BbipaTKeirae jyiH Ka> k;t,o ii 113 Bbrye.icnnbix bctbch 

/ n (z) = ^e^ m , n = 0,l. 

By^eM CHHTaTb, hto BeTBb /o 3a,n,aria Ha jihctc Ho, a bctbb fi na D\. Bbihhcjihm snanem-in cjiyiiK- 
h;hh /o h fi Ha Oeperax paspe30B jihctob Hq h Hi, cm. piicyHKii 16 11 17. Tenepn nyaaio hottxojth ttt hm 


Dq 


y/r 


0 

1 

-sjr 


Phc. 16. 3HaneHHH 4 )vhkti;hh / 0 na 6eperax pa3- 
pe30B jiHCTa H 0 . 


1—1 


-y/r 


0 

1 

yfr 


Phc. 17. BHaneiraH (JiyiiKTitTH f\ na Oeperax pa3- 
pe30B jiHcxa Hi. 



o6pa30M CK.neiiTb jihctbi H 0 h Hi. CpaBHHBaa srianeHHH (Jfvhkhhh / 0 h f] Ha pasjiHHiibix 6eperax 
paspe30B jihctob H 0 h Di h yniiTbiBan TeopeMy 9.4 (TeopeMa PimaHa 06 anajiHTHHecKOM npo^o.n- 
tkchhh) , HaflfleM TpeSyeMyio CKjiefiKy, cm. pncyriOK 18. □ 

Otbgt: PiiMaHOBa noBepxnocTb (JiyHKiiyiH y/z H3o6pa»ceHa na pncyriKe 18 . ripn 9tom na jihctc H 0 
cnpaBe^JiiiBO npe^CTaBneiiHe fo(z) = sjr , a Ha jihctc Hi - fi(z) = -i/re'y iyi,e p G (0,27r). 
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IIpHMep 9.13. PuMaHoea noeepxHocmb [fryuKiptm f(z) = In z. 

PemeHHe. Y c^ymapm lnz OAna KOiiennan Tonca BeTBjieHHH z\ = 0. Ilepexo^n k nojinpHbiM Koop- 
/[PiHaTaM z = re llf . nepenmneM ([ivtikiui i-o / b Bii^e 

f(z) — In z — In r + i<p + 2tt in, n G Z. 


J\jm Toro htoSh BBi^e.miTb o a h o 3h an h?> i e b6tbh, npoBOAHM paspe3 ns tohkh BeTBjieiran z\ — 0 ria 
SecKOHenHOCTb, nanpnMep, BAOJib nojiyocn [0, +oo). B cooTBeTCTBira c sthm paspe30M, (JsHKCHpyeM 
npeAe.nbi H3MeneHHH yrjia p G (0,27t). BbimimeM b bipa> k e hh e ppisi Ka>KAon H3 BbiAejiemibix BeTBen 

f n (z) — lnr + itp + 27rm, n G Z. (9.5) 

Otmbthm, hto pa3jiHHHbiM napaMeTpaM n b cJ^opMy.ne (9.5) cooTBeTCTByiOT pa3JinnHbie peryjinpHbie 

BeTBPI (JiyHKAHH /. 

ByAeM cnriTaTb, hto BeTBb f n 3aAana na jincTe D n Tipn n G Z. Bmhhcjihm 3 Haneinm c[)y ttktut ii 
/_i, /o h fi Ha Oeperax pa3pe30B jihctob D_ i, D 0 h D t , cm. pucyHKii 19, 20 h 21. Tenepb HyacHO 


D -1 

In r — 27 ri 


0 In r 


Phc. 19. 3HaneHHH cJsvhkahh /_ i na Oeperax pa3- 
pe30B jincTa D_\. 


Do 

In r 


0 In r + 27 ri 


Piic. 20. SHaHemm (jmiKTijTH f 0 na oepcrax pa3- 
pe30B jincTa D 0 . 


Di 

In r + 2ni 


0 In r 4- 47t« 




D 1 In r — 2iii , 


0 In r 




Do l n r 


0 In r + 27 ri 




ln r + 27rz 


0 In r + 4iri 





Phc. 21. 3HaneHHH ^vhkahh /, na Oeperax pas- p HC . 22. PiiMaiiOBa noBcpxnocTb In z. 

pe 30 B .nHCTa D\. 

nonx oaht ini m o6pa30M crjichtb ahctbi D n . CpaBHHBaa 3HaneHHH c|jy ttktttt fi f n ria pasjuiHiibix oepcrax 
pa3pe30B ahctob D n naiiAeM TpeOyeMyio CKjiefiKy. Ha pncyHKe 22 H3o6pa)KeHa CKjieiiKa ahctob D_i, 
D 0 h D\. OcTa.4biibie jihctbi noAKJieiiBaiOTCH ananornnno. 

Otbgt: PiiMaHOBa noBepxnocTb In z coctoht h 3 OecKOneHiioro HaOopa ahctob D n , cruiefiKa necKOAB- 
khx H3 hhx H3o6pa:aceHa na pncyHKe 22. Ha Ka>i<AOM JincTe D n cjriiKCHpoBana peryjiHpiiaa BeTBb f n (z ) 
paBeHCTBOM (9.5), npirneM ip G (0,27r). 
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9.4. BbiHHCJiemie HHTerpajiOB ot MHoro3HanHbix <J)yHKu;HH. 

TeopeMa 9.14 (BbmncjieHHe HHTerpajiOB ot mho r o3h an hi>t x (Jjvhkhhh no nojiooKHTejibHOH nojiyocn). 

Ilycmb 

• D — C \ [0, +oo); 

• E = {zi, z 2l , z n } C D, sde n 6 N; 

. fen(D\E); 

• dntt JiwSozo x > 0 cyiyecmeytom KcmeuHue npeda/iu fix ± iO); 

• 7 P = {z | \z\ = p], gde p > 0; 

• max \f(z)\ — o ( - ) npu p —> 0; 

• max \f(z)\ — o ( - ) npu p —> oo; 

zC'Yp \p J 

• r>0uR>0 maKue, umo V 2 e E r < \z\ < R; 


• 7 + - noAOMcuma/ibHO opueHmupoeanuaM spauuya 
o6nacmu D \ | \z\ < r} U {z \ \z\ > cm. 

pucyuoK 23. 

Tosda 

+oo +oo 

J f(x + i0)dx— j f(x — iO)dx= j f(z)dz. 

0 0 7-1- 



/^OKa3aTejiBCTBO. ^OKasaTe.nbCTBO Bnojme aiia.iorn T ino Pnc. 23. KoriTyp y + Bbi^eneH xpacubiM 
flOKasaTe.iibCTBy TeopeMbi 6.26. Pbotom. 

IlpHMep 9.15. Buuucjiumb uumeepaA 


+00 


dx 


{X + 1 )yfx ’ 


Pememie. PaccMOTpnM Mrioro3Haariyio (JjynKipiio 

/(*) = 


(Z + 1 )y/z 

h cJ^HKCiipyeM ee BeTBb b oSjiacTH D = C \ [0, +oo) paBeHCTBOM 

1 „• v 


/o(-) = 


(z + 1)a Jr 


e * 2 , z = re lv> , 


r^e p E (0, 27t). 

II 3 TeopeMbi 9.14 cjie^yeT, hto 

+00 

/ fo(x + iO) dx 


+OO 


fo(x-iO)dx= / fo(z) dz, 


0 0 7+ 

r;ie KOHTyp 7 + ino6jia>Ken na piicyiiKe 23. .Ictko BimeTb, t ito 

1 


fo(x + iO) = 


r = x, (p = 0 


[x + l)yjx' 


fo(x ~ i0) = 


r — x, ip = 2n 


(9.6) 


(x + l)^/x 


















76 


A. A. IloiKapcKmt 


npn x > 0. ( )TC[o;i.a h 113 paBei-iCTBa (9.6) c. leaver. hto 

+OO 


dx 


( X + l)y/i 


= / fo(z) dz = 2ni res f 0 (z). 


Z= — 1 


(9.7) 


0 7+ 

OyriKpiM /o iiMeeT b To'iKe z — — 1 nojnoc nepBoro nopa^Ka. B brier motkct 6bitb naii ten c 
noMombio TeopeMBi 6.6 (haii TeopeMbi 6.4) 


res f 0 (z) = lim (z + 1 )f Q (z) = —e 

2= — 1 2—► — 1 Jf 

rioflCTaBAaa HafiAeHHbiii BbiaeT b ())OpMy.ry (9.7), i-iari^eM 

+OO 




r=1, (^=7r 


/ 


da: 


(x + l)\/x 


7T7 res fo(z) — IT. □ 
2 —— 1 
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10. TaMMa-(J)yHKii,Ha 


10.1. raMMa-cJjyHKn;Ha. 


10.1 (Kim wa-cjiv h t< ti;h a). raMMa-tfiyHKyueu (coKpo/uj/muo, Y-ifiyuKyueu) Ha3ueawm 
cfjyHKyun), onpedejieHHyu) npu Re z > 0 paeencmeoM 


Onpe^ejieHne 


rw 


+oo 

S^ e " dt 

0 


TeopeMa 


10.2 (PeryjiapHOCTb r-cjiyHKHyni). Y G 'H(Yl + ), sde II + 


{z | Rex; > 0}. 


/loKaaaTejibCTBO. llycTb 7 - npoii3B07bHaa KyeouHO-r.iayKaa aaMKHyxaa KpiiBaa b Il + . Tor^a 
Haft^yTca £1 > 0 11 e 2 > 0 TaKiie, uto 7 C {z | £1 < Rex; < £ 2 }, OTKyzja no.nyuriM, uto 


V (t,z) G M+ x 7 | t z l e ^ 


t^e^, t G (0,1], 
t £2 ^e tG(l,+oo). 


( 10 . 1 ) 


II 3 (10.1) cne^yeT, uto cJiyuKnyia 7Byx nepeMeimbix t z 1 e t HHTerpnpyeMa na M + x 7 . OTCi07a 11 113 
TeopeMbi <Dy6iiHH no.ayaiiM, uto motktio nepecTaBuaTb nj1e7e.iT>! n ttt erp ti p ot> an it a b miTerpajie 


r(xr) dz = 




dt. 


( 10 . 2 ) 


yaiiTbiBaa, uto cJiyHKiiyiH t z 1 peryuapiia no nepeMemion z b npaBon nojiynjiocKOCTH II + , H3 Teope¬ 
Mbi 3.3 (iiHTerpajibiiaa TeopeMa Korun) cjie7yeT, uto 


/ 


t 


z -1 


dz 


0. 


7 


(10.3) 


II 3 (10.2) n (10.3) nouyuiiM, uto 77 a 7106011 KycouHO-raanKOii 3aMKiryTOH KpiiBOii b Il + BepHO, uto 


j) r(x;) dz = 0 . 

7 

0TCK>7a n H3 TeopeMbi 3.26 (TeopeMa Mopepbi) c.ne7yeT, uto Y g "H(n + ). □ 

TeopeMa 10.3 (cPyHKuyionaubHoe ypaBiiemie 77a r-cJiyiiKprin). V z G Il + Y(z + 1) = zY(z). 


^OKa3aTe7BCTBO. IIpii V z G n+ BepHO, HTO 


re + 1 ) 


+00 

I ^‘ dt 
0 


+00 

J t z de 

0 


-t z e~ l 


+00 

0 


+00 

/ zfV'cfi = zT(z). □ 
0 


TeopeMa 10.4 (AnauiiTiiuecKoe npo707averme r-([)yHKiuTii b C). 

(1) Y{z)-<pyHKV i UH donycnaem cmaAumuuecKoe npodoAMcenue eC\{0, —1, —2,.. 

(2) V ^ G C\{0, —1, —2,...} r(z + l) = zY(z), sde nod Y-fiynKyueu nonuMaemcR aHaAumuuecKoe 
npodoAcucemie e o6Aacmt> C \ {0, —1, —2,...}. 
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A. A. nojKapGKiiit 


/HoKaaaTCJifcCTBO. (1) PaccMOTpiiM (jjypiKrnno 

m = !++>. 

JlerKO h. mto f £ WMj | Re z > —1} \ {0}). 113 TeopCMti 10.3 c,ienyeT, mto 


(10.4) 


v zen + f(z) = r(z + 1) =r(z). 

z 

TaKHM o6pa30M, / - aHajiHTHaecKoe npoAOJiTKemie I-c})yH ktuiti b o6.na.CTb {z | Re;? 

CoxpaiiiiM 3a aiiajiiiTHaecKHM npoAOJiTKei-raeM I -cjiyTiKiuTH npeoKHee o6o3HaaeHiie - I . CHOBa boc- 

no.nb3yeMca (JxjpMvaoH (10.4 ) h 3a.MeTiiM, mto hh stot pas / G Tl(^{z | Rex; > -2} \ {0,-1}). 
BMec.Te c stttm 

v 2 g {z | Rez > -1} \ {0} f(z) = r( ~_ +1) = r(z). 

TaKHM oSpasoM, / - aaa.i hth aecKoe npoAOJioKeHHe r-cjnaTKiiHii b oGjiacTb {z | Rex; >-2}\{0 ,-l}. 
npoao.navaa nocTpoemie no hhavktihh. nojiyaHM TpeSyeMoe yTBepTK^erme. 

(2) Cne/ryex H3 nocTpoemin a h a. n it t it a e c k o r o npoAOJioKeHHH, n p e An o>i<e h h o to b nynKTe (1). □ 


TeopeMa 10.5 (OcHOBHbie CBOHCTBa r-cjyyHKHHii). 

(1) V n G Z + T(n + 1) = n\; 

(2) V n G Z + r-(fjyHKV,u h UMeem e monne z = —n hoawc nepeozo nopndKa u res T(z) = 

z=—n 

(3) V z G C \ Z T(z)r(l-z) = ^; 

(4) VzgC r(z) ^ 0; 

(5) r (i) = zJt\. 


/IoKa3aTCJibCTBO. (1) /Jan h an an a saMeTHM, aTO 


r(i) 


OTCKJAa h H3 TeopeMbi 10.4 cne^yeT, aTO 


+oo 

J e“* dtt = 1. 

o 


V n G Z + T(n + 1) = nY(n) 
(2) 143 TeopeMbi 10.4 c.neAyeT, 


aTO 


V n G Z + T(z) = F( ^ +1) 


n(n — l)r(n — 1 ) = ... = n! T(l) = n\. 

r(^ + 2)_ _ T(z + n+l) 

z(z + 1) ’’’ z(z + 1 )... (z + n) ' 


OTcrcyia, yaiiTbiBan, aTO (l)yHKi(na T(z + n + 1) peryanpua b OKpecTHOCTH ToaKH z = —n, noayaiiM, 
aTO r-4)yHKiiH5i HMeeT b Toane z = —n no.iioc nepBoro nopnAKa. BMecTe c sthm, 


V n G Z + res T(^) 

z=—n 


T(z + 71+1) 
z(z + 1 )... [z + n — 1) 


r(i) 

(-n)(-n +1)...(-1) 


(- 1 )” 


n\ 


(3) Bes AOKasaTeabCTBa. 

(4) CaeAyex hs nyi-iKTa (3) HacToa m eH TeopeMbi. 

(5) (Vie.nyoT H3 nyiiKTa, (3) HacToaiAefl TeopeMbi npri z h npocToro HaSaiOAeHim 

Vz>o r(^) >o. □ 
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Onpe^ejiemie 10.6 (BeTa-c^yHKiniH). Bema-cfiyuKyueu Ha3ueawm fiyuKyim, onpedenennyto npu 
Re z > 0 u Re w > 0 paeencmeoM 

i 

B(z,w) = j t z ~ l {l — t) w ^ 1 dt. 
o 


TeopeMa 10.7 (C'eash Meayay TaMivia h BeTa-c^yHKiniaMTT). TIpn Rex; > 0 u Rea; > 0 cnpaeedmieo 
paeencmeo 


B(z,w) 


r(^M 

r(z + w) 


^OKa3aTejibCTBO. Bes ^OKaaaTejibc.TBa. □ 



80 


A. A. noacapcKiift 


11. KoH(j)opMHbie OToSpa^KeHHa 

11.1. TeoMeTpHnecKHe CBoftcTBa peryjiapHbix cJjyHKipiH. 

11.1 (HeoSxo^iiMoe ycjiOBiie oSpaTHMOCTH peryjiapHofi cjpyHKippn). IJycmb 

• D - o6,nacrm> e C; 

• / e H(D); 

• (fyyuKyu.H f o6pamuM,a e Henomopou OKpecnmocmu U mouKU G D. 

Tosda f'(zo) 7^ 0. 

/^OKa3aTejiBCTBO. /IoKa3aTe.nbCTBO npoBe^eM ot npoTiiBHoro. IlycTb f'(zo) = f"(zo) = ... = 
f( n \z o) = 0 pi f( n+1 \z 0 ) ^ 0, r,n;e n G N. I-fe TeopeMbi 4.11 (TeopeMa 06 pi30JiPipoBamiocTPi Hyjiefi 
peryjiapHofi ([ivtiktutti) c.ne^yeT, t pto Hafi^eTca e > 0 Ta,Koe, t tto U £ = {z \ \z — z 0 | ^ c} C U h 

0 < \z zo\ ^ f'(z) ^ 0, f(z) ^ f(z 0 ). 

TaKHM o6pasoM, b Kpyre U e cJiyHKipia / — f(zo) HMeeT e^HHCTBeHiibiii Hyjib KparaocTH (n + 1). 
IlycTb Tenepb 

5 — min \f(z) - f(z 0 )\ > 0 

\Z—Zq\=£ 

h w * Taxoe, t ito 0 < \f(zo) — w*\ < 5. /^OKaaceM, hto (JpyHKnjia / npiiHHMaeT snaaeHiie w * b n 
pasjiHHHbix TOMKax, t ip piT ia*zyie>Kaimix U e . 

3aMeTHM, HTO 

\z-Zo\=e => \f(z 0 ) - w m \ < 5 < \f(z) - f(zo)\. 

OTCio^a h ip 3 TeopeMbi 7.4 (TeopeMa Pyrne) CJie/iyeT, hto 4)yHKii;HH 

/(*) ~ f( z o) 

ii 

f{z) - w* = f(z) - f(zo) + f(z 0 ) - w* 

HMeiOT b xpyre U £ o^iinaKOBoe KOJinaecTBO Hyjiefi c yaeTOM pix nopa^KOB. YaHTbiBaa, t pto b Kpyre U £ 
npii z 7^ z 0 BbinojiHeHO ycjiOBHe f(z) 7^ 0, OTCio^a nojiyaiiM, t pto c^yHKipia / npimiiMaeT SHaaeHPie 
w * b Kpyre U £ pobho b (n + 1) paajiHHHbix xoaKax. 

TaxiiM o6pa30M, cjpyHKipia / ue o6paTiiMa b Kpyre U £ . nojiyaeHHoe npoTiiBopeane 3aBepmaeT 
^OKa3aTejibCTBO. □ 

TeopeMa 11.2 (ITpinpppm coxpaiieiiiia oOjiacTii). Ilycmb 

• D - o6nacmb e C; 

• / e n(D); 

• f - ue nocmoHHuazi (fiyHKyufi e D. 

Tozda o6pa,3 oSnacmu D npu omo6pacnceHuu f sieAxemcsi oS/iacmbto. 

,ZJoKa3aTejiBCTBO. IlycTb G = f(D), zq e D, wq g G ip f(zo) = wq. ^jih ^OKasaTe.nbCTBa TeopeMbi 
Heo6xo/i;piMO AOKa saTi). hto Hafi^eTca OKpecTiiocTb V tohkii w 0 TaKaa, t ito V C G. 

B cjiyaae f'(zo) 7^ 0, Tpe6yeMoe yTBeppK^eHiie c.ne^yeT 113 TeopeMbi 2.20. Ecjih xce f'(zo) = 0, to 
T aKPKe KaK 11 npu flOKa3aTe.nbCTBe TeopeMbi 11.1 nojiyaiiM, hto Hafl^eTca OKpecTHOCTb V tohkh wq 
TaKaa, hto .nioOoro u>* G V Han^eTca He MeHee flByx ToaeK z\ h z 2 thkhx, hto z\ G D, z 2 G D 
h f(zi) = f(z 2 ) = w *. C.ne^;oBaTe.iibHO, V C G (xoth / h He HBjiaeTca oSpaTHMofi b OKpecTHOCTH 

TOHKH ^o) □ 


TeopeMa 
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11.2. JIoKajibHbie CBOHCTBa kohcJjopmhbix OToSpaacemiii. 

Onpe^ejiemie 11.3 (OSaacTb b C). Mnocncecmeo mouen D ua pacmupennou KOMnneKcuou ruioc- 
Kocmu C Ha3ueamm o6AacmbK), ecAU eunoAueuu CAedytoipue ycAoeuA. 

• Otkpbitoctb: 3aa aw6ou KcmeuHou moHKU z 0 G D 3 r > 0 : {z \ \z — z 0 | < r} C D; 

• 3aa 6 ecK 0 HeuH 0 ydaAeuHou mouKii £ 0 = c>oG-D3-R>0:{,2:| \z\ > R} C D. 

• JlaHeimaa cb33hoctb: 3aa aw6ux deyx Koneunux moueK MHOcncecmea D naudemcA ao- 
MCIHCIA (AUHUA, COCmOAipaA U3 KOHeHHOZO HUCAQ, HpAMOAUHeUHUX 0mpe3K0e) peAUKOM npu- 
HadAecHcaipasi D. 

11.4 (KoHcjiopMHoe OTo6pa»ceiiHe). roeopAm, umo f - KowfiopMHoe omo 6 pacnceHue 
ua oC)Aacrn;b GcC, ecAU 

(1) / - 630,umho odH03H(iHHoe omo 6 pacHceHue D ua G; 

(2) / - pesyAApnaA fiyunpuA e D , 3a ucKAwnenueM ne 6 oAee ueM oduou mouKu; 
o mu 6 ydeM cuumamb (ftynupuK) f pezyAApuou ua SecKoneunocmu, ecAU f uMeem ycmpanuMyio 

oco 6 eHHOcrm> ua 6 ecKOHeuHocmu. 


OnpeAejieHHe 

o6Aacmu D C C 


TeopeMa 11.5 (lIoBefleriiie KoricJiopMHoro OToGpaxceHHa b OKpecraocTii nsojiiipoBarraoH oco6oh toh- 
kh). Ilyam, 

• / - KOHifiopMHoe omoSpaatcenue o6Aacmu D ua G; 

• Zq £ D : f(z 0 ) = oo G G. 

Tozda cjjyHKpuA f UMeem e monue z 0 noAtoc 1-zo nopAdna. 

^OKa3aTejiBCTBO. llycTb z 0 ^ PaccMOTpiiM BcnoMoraTe.iibriyio (Jjvhkiihk) g = j. Jlerico BH^eTb, 
hto g BsaiiMiio 0^H03HaaH0 OTo6pa»caeT OKpeernocTb tohkh na OKpecTHOCTb nyjia (g(zo) = 0). 
OTCio^a h H3 TeopeMbi 11.1 c.ne^yeT, hto g'(zo) ^ 0. TaKHM oSpasoM, pa3JioaceHiie b pa,n; Tefinopa 

(JiyHKIlHH B OKpeCTIIOCTH TOHKH Zq HMG6T BH^ 

g[z) = g'(z 0 )(z - zq) + 0((z - z 0 ) 2 ). 


('nenoBaTe.iTaio. 



1 1 

g'{z 0 ) z Zq 


+ 0 ( 1 ) 


npn z —> Zq. IIocjieflHaa on;eHKa 03 iiaaaeT, hto cjiynKipia / HMeeT b TOHKe zq nomoc nepBoro nopa^Ka. 
IlycTb Tenepb zq = oo. PaccMOTpiiM BcnoMoraTejibHyio (Iivhktihio 


sM = 


/(!)' 


3 aM 6 THM, hto g B iauMTio ohhoitthhtto OToSpaacaeT OKpecTHOCTb nyjia Ha OKpecTHOCTb Hyjia. TaioKe 
KaK h panee nojiyHHM, hto paajioaceHHe b pari; Tefijiopa cJiyhkiiith b OKpecTiiocTii tohkh hojib HMeeT 

BHfl 


g(z)=g'( 0)z + O(z 2 ). 


CjieflOBaTejibiio, 


f(z) = 


0 ( 1 ) 


9(\) 9'(0)~ z +O (+) ^(0) 

npn z —> oo. rioc.ieaHaa ou;eriKa 03 HaaaeT, hto (JivHKiiiia / HMeeT b GecKOneaHO yaa.ieiiTioii tohk 6 
no.moc nepBoro nopa^Ka. □ 
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A. A. ITcK/KapcKiiit 


11.6 (TeoMeTpHHecKJie CBOHCTBa npon3BO,n,HOH KOHcJ^opMiioro OTo6paaveiipm) . Ilycmb 
KOHtfiopMHoe omodpaotcenue o6,n,acrnu D C C na odAacmb G C C. 

Tozda e OKpecnmocmu Atodou mounu zq E D , c mounocmbw do O {{z — zq) 2 ), omodpaotcenue f 
HGAHemcH KOMno3uu,ueu CAedytmu,ux omodpaotcenuu 

(1) cdeus na *- z a ; 

(2) noeopom ua ysoA aigf'(z 0 ) (omnocumeAbHO nauaAa Koopdunam); 

(3) pacnwotcenue c KoatfitfiuyuenmoM pacmfiotcenuH \f'(z 0 )\ (omnocumeAbHO nauaAa Koopdimam); 

(4) cdem ua f(zo). 

/IoKa3aTejibCTBO. Cjie^yeT ns pa3Jio>KeHHH 

f(z) = /(*,) + f(z„)(z -z„) + 0 ((z - z 0 f) = f(z 0 ) + r|/'(z„)l + 0(r 2 ), z z 0 , 


TeopeMa 

• / - 


r^e 


z — z 0 = re ltp . □ 


TeopeMa 11.7 (reoMeTppiaecKiie CBOHCTBa KOiic^opMHoro OToSpaaveniia). KowfiopMnoe omodpaotce- 
nue coxpansiem ysAU Meotcdy kpugumu, opuenmayuto, a manatee (fiopjwy decnoneuno muaux (fouzyp 
c mounoembto do decnoneuno moaux doAee cmapmeeo nopadna. 


,ZJoKa3aTejii>CTBO. Cjie/iyeT H3 TeopeMbi 11.6. □ 


11.3. OSipne CBOHCTBa koh^jopmhbix OTo6pa>KeHHH. 

TeopeMa 11.8 (IIpHHipm cooTBeTCTBHH rpairaii,). Ilycmb 

• D - ospanuuennaA odAacmb e C c nycouno-SAadnou zpanuyeil dD; 

• G - ospannuennaA odAacmb e C c nycouno-SAadnou spanuyeu dG; 

• / - KOHcftopMHoe omodpaotcenue D na G. 

Toeda tfiynnyuto f Mootcno doonpedejmmb na D = D U dD man, umo 

( 1 ) / 6 C(D); 

(2) / - G3auMHO-odH03nauHO omodpaotcaem dD na dG c coxpaneHueM opuenmayuu. 

,ZJoKa3aTejiBCTBO. Be3 ,gOKa3aTejibCTBa. □ 

TeopeMa 11.9 (OGpaTHbiil npmnpin cooTBeTCTBiia rpaHiin;). Ilycmb 

• D - ogpanuuenHaA odAacmb e C c nycouno-SAadnou gpanuyeu dD; 

• G - oepanuuennaA odAacmb e C c nycouno-gAadnou gpanuyeu dG; 

• feH(D)nC(D); 

• f - 63auMHO-odno3HauHO omodpaotcaem dD na dG c coxpaneHueM opuenmayuu. 

Tozda f - KowfiopMHoe omodpaotcenue D na G. 

^OKa3aTejibCTBO. IlycTb w 0 - npoH3BOJibHaa Toaica 113 oSjiacTH G h N(w 0 ) - hhcjio npoo6pa30B 
(c yaeTOM KpaTHOCTH) tohktt wq b (Kj.iacTTi 1) npn OTof)pa>KenTiTT /. Hs TeopeMbi 7.3 (npiraipm 
apryMeHTa) cjie/iyeT, t tto 

N(w 0 ) = ^-A 9d arg (f(z) - w 0 ) = ^-A dG arg (w - w 0 ) = 1. 

Z7T Z7T 

3^ecb mbi TaK>KC BOcnojib30BajiHCb tbm (Jaiktom. hto / - B3aTiMiio-o;uT03Tia T ino OToSpaxcaeT DD 
Ha dG c coxpaHeHneM opueiiTapiiH. 

IlycTb Tenepb wq ^ G , Toyga 

N(w 0 ) = -'-A qd arg (f(z) - w 0 ) = ^-A 9G arg(w - w 0 ) = 0. 

Ztt Ztt 
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TaKHM o6pa30M, / - B3ani\in<j- o;rji031ia T i h<> e OToSpaaceHne D na G h, cjie^OBaTejibHO, / - koii- 
<J>opMnoe OTo6pa>KeHiie D na G. □ 

TeopeMa 11.10 (TeopeMa PiiMana). Ptycmb 

• D - odHOC6H3Hatt odAacmb e C; 

• zpanuya d D odnacmu D cocmoum doAee ue.M, U3 odnou monnu; 

• z 0 e D, |w 0 | < 1, a 0 E (—7r,7r] . 

Tozda cyu+cmeyem eduncmeennoe KoncfjopMnoe omodpaotcenue f o6jiacmu D na eduminnuu npyz 
{w | |w| < 1}, ydoeAemeopMwtyee ycAoeuAM 

f(z 0 ) = w 0 , arg f'(zo) = a 0 . 

^OKa3aTejibCTBO. Be3 flOKaaaTejibCTBa. □ 

3aMenaHHe 11.11. 

• KoMHAeKmaA nAOCKoemb C ne Mootcem 6umb KompopMno omodpaotcena na eduminnuu npyz. 

• Pacuiupennan KOMnneKcnaA nAOCKoemb C ne Mootcem dumb KowpopMno omodpaotcena na 
edununnuu, npyz. 

• PacmupennaA KOMUAeKcnan nAOCKoemb C ne Mootcem dumb KowfiopMno omodpaotcena na 
KOMHAeKCnyW UAOCKOCmb C. 


11.4. /IjaoOHO-jiHHeHHMe OToSpaiKeHHa. 


Onpe^ejiemie 11.12 (/JpoSHO-Jiimeimoe OToOpaacemie). /Jpodno-AuneunuM omodpaotcenueM na- 
3ueawm omodpaotcenue euda 


C 3 z 


az + b eC, 


cz + d 

zde ad — be ^ 0. PIpu amoM npednoAazaemcA, nmo 

• ecAU c^O, mo I — - u g ^ l I d = oo; 

' ' r.zA-n. I r— r. r.zA-a. \ — ' 


ecAU c = 0, mo 


cz+d | 2—00 
az+b I 
cz+d 1 2=00 


= 00 . 


TeopeMa 11.13 (Oonuiii rtt/t; KOHc])opMnoro OToSpaaceHna pacmiipenHOfi k o m n.3e k c hoh n.aocKOCTH 
na ce6a). J^aa mozo, nmodu f duAO KomfiopMHUM omodpaotcenueM paemupennou komtiackchou uaoc- 
Kocmu na cedn neodxodimo u docmamonno, nmo f duAO dpodno-AuneunuM omodpaotcenueM. 


/HoKaaaTCJibCTBO. /^ocTaToanocTb (<*=). JlerKO BimeTb, 'no ^jia jitoSoro weC ypaBiieirae 


az + b 
cz + d 


( 11 . 1 ) 


iiMeeT e^HHCTBeHHoe pememie 


b — dw 

z = -. 

cw — a 

Otcktih c.ne^yeT, hto ^poGiio-nnueHHoe OToSpaaveime B3aHMH0-0flH03HaaH0 OTOupa>KaeT pacnrapeH- 
hvio k o m n. 3 e k c h y kj n.30CK0CTb na ce6a. IvpoMe Toro, jierKO BimeTb, t ito apo6 h o-.3 ith e h h aa (JmiKipia 
(11.1) pery.aapHa b C \ { —^} (ec.an c = 0, nojiaraeM — ^ = oo). □ 

Heo6xo,3TTMOCTb (=^). llycTb / - KOH(|)opMHoe OToSpaxKerme pacmiipenHOH KOMnaeKCHoil njioc- 
kocth na ce6a. II 3 onpe,3e.3eHna 11.4 r. ip. aver. t ito / HMeeT e^imcTBei-myio oco6yio to x ikv b C. 
06o3HaaHM 3Ty ocoSyio tohkv nepe3 zq. H 3 TeopeMbi 11.5 c. ic iyc r. t ito / HMeeT b tohkc Zq nomoc 
nepBoro nopa^Ka. 
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A. A. IlOiKapCKHH 


PaCCMOTpilM C.4V T iafi. KOIVia Zq ^ OO. 06o3HaHHM BT>I'H'T (jDyHKpHH / B TOHKC Z 0 Hepe3 A. ToTVia 
cjDyHKpua 


g(z) = f(z) 


A 

z - z 0 


perv.anpHa bo Been pacnrapeHHOH k o m n.ae k c ho it njiocKOCTH h, cjieAOBaxejibHO, orpaiinHena. Tenepb 
ii3 TeopeMbi 3.24 (TeopeMa JlHyBHjuia) c.ae/iyeT. hto g = C b C. OTCioya, naavniiM, hto 


f(z) = 9(z) + 


A 

Z- Z 0 


C + 


A 

z- z 0 


Cz + A — Czq 
z - z 0 


TaKHM oSpaaoM, / - ^poSHO-jiimeimoe OToSpaoKemie. 

B cjiynae, ec.au zq = oo, (JayHKpiia / HMeeT e rn ncin(‘nnyi(i ocoSvio tohkv na SecKOiieHiiocTii. ripn 
3tom H3 TeopeMbi 11.5 c.aeyyex. hto pya JIopaHa (jiyii ktiith / b OKpecTnocTii Scckohchhocth HMeeT 
BTiy 

f(z) = Az + 0(1), z —» oo. 

OTcio.aa h ii3 TeopeMbi 3.25 (oSoGmemiasi TeopeMa JlHyBHjuia) c.aeyyeT. hto / - .a it Herman (Jivhk- 

11 , 1151 . □ 


TeopeMa 11.14 (KpyroBoe cbohctbo APoSHO-JiiiHemibix OToSpaoKemni). IIpu dpo6HO-AimeuHOM 
omoSpacHcemiu o6pa3 aw6ou OKpyotcHocmu uau npAMoil HeAAemcn oupyotcnocmbw uau npAMoti. 

/^OKasaTCJibCTBO. llycTb ApoSHO-jiHHeimoe OTo6pa>KeHiie HMeeT bit, a; (11.1). Ec.au c = 0, to OToSpa- 
»ceHHe (11.1) .THHeHHO h, c.aeyoBaTe.abHO. nB.ancacn KOMnosimneii CABiira. noBopoTa h pacTHOKeHHH. 
Iva>K,a;oe H3 vKasamibix npeo6pa30BaHHH OTo6pa>KaeT oicpyoKiiocTb b OKpy>KHOCTb h npHMvio b npn- 
Myio. 

IlycTb Tenepb c / 0. Torya, OTo6pa>KCHiie (11.1) mo>kho nepenncaTb b Biiye 

/W = -A— + C. (11.2) 

Z — Zo 

IIs (11.2) cjieyveT, hto / HBjiaeTca KOMno3HH,neH cyBiira. HHBepcHH, noBopoTa, pacTHJKeima h crioBa 
cab lira. TaKHM oSpasoM, yan 3aBepmeiiH5i AOKaaaTC.abCTBa AOCTaTonno yoKasaTb. hto npn HHBepcHH 

w = - (11.3) 

o6pa3 .3106011 OKpyjKHOCTH H.a II npHMOH I3B.3 HC FCH OKpyjKHOCTbK) Tl.ail npHMOH. 

SaMeTHM, hto ypaBnemie juo6oh npiaMOii 11 .an OKpyoKHOCTH b C mo>kho 3 an tic ax b b bttac 

azz + Dz + Dz + b = 0, (11.4) 

r^e a G M, b G M h D G C. ripn a = 0 (11.4) HBjiaeTca ypaBiieiineM npnMOii. a npn a / 0 - 
ypaBHemieM okpvjkhocth. 

IlnBepcHH (11.3) npeoGpasyeT ypaBnenne (11.4) k Biray 

a + Dw + Dw + bww — 0. (11.5) 

ypaBHemie (11.5), Taionc kak ii (11.4), hbji hctch ypaBHemieM npiaMOii hjih OKpy?KHOCTH. □ 

OnpeAejieHne 11.15 (CnMMeTpHHHbie tohkii OTHOCHTe.abiio ORpyaviiocTii). roeopsim, umo Z\ u z 2 
- cuMMempuHHue moHKU orrmocumeAbHO onpyotcnocmu \z — Zq\ = R, ecAU 

(1) moHKU zi u z 2 Aecncam ua odnoM Ayue, Hanunaww^uMCA e mouKe zq; 

(2) \Zi - Zq I • \z 2 - Zq\ = R 2 : 

o moHKa z 0 cnumaemcA cuMMempuuHou mouKe 00 . 
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TeopeMa 11.16 (CBofiCTBa criMMeTpiiHiibix tohck npn apoSHO-aHHefiHbix OToSpaaceHHax). Ilycmb 

• f - dpoSno-AUHeunoe orno6paoiceitue; 

• 7 - onpycHCHoemb unu np.HMa.n; 

• z\ u z 2 - cuMMempuuHue mounu omnocumejibHO 7 ; 

• r o6pa3 7 npu omoSpawcemm f ; 

• Wi = f(zi) UW 2 = f(z 2 ). 

Tozda W\ u w 2 - cuMMempuHHue mouKU orrmocumeAbHO T. 


^OKa 3 aTejn>CTBO. Be 3 aoKasaTeabCTBa. □ 

11.5. KoHcJjopMHbie OToSpaaceHHa e^HHHHHoro Kpyra Ha ce6a. 


TeopeMa 11.17 (Ofaniiii 15117 KOnc|)opMrioro OTo6pa»ceinia eaiiniiHiioro Kpyra 11 a ce 6 a). Ilycmb 

\z\ < 1 } na ce6tt. 


• / - KoncfiopMHoe omo6pacnceHue edunuunoso upyza D = {z 
Tosda cyiyecmeywm z Q G D u ip G (— n, ■n] rnanue, urrio 

z- z 0 


V zeD f(z) = e ltf> - 


( 11 . 6 ) 


1 - z 0 z 

^OKa3aTejibCTBO. Ha Toro, hto / - KOiicj^opMuoe OToSpaaceHiie eariiiiiHHoro Kpyra D Ha ce 6 a, 
caeayeT, hto naiiaeTca TOHKa zo E D TaKaa, hto f(zo) = 0. lIonoHCHM ip = arg f'(zo). 

II 3 TeopeMbi 11.10 (TeopeMa PiiMana) caeayeT, hto cyrgecTByeT e^HiicTBeniioe KOHcJjopMHoe oto 6 - 
paaverme / e^miiiHuoro Kpyra D na ce 6 a TaKoe, hto 

f(z 0 ) = 0, arg f(zo) = tp. (11.7) 

TaKHM o6pa30M, 3 . 1 a 30 k a ?aTe. 1 Tjctb a TeopeMbi iieoSxo^HMO noKa3aTb, hto /, onpeaeaaeMoe cjiop- 
MV3ofi (11.6), KOHcJiopMiio OTo 6 pa»:aeT e^HHHHHbifi Kpyr D Ha ce 6 a h, KpoMe Toro, yflOB.neTBopaeT 
yCJIOBHIO (11.7). 

Bbinojinemie ycaoBHH (11.7) caeayeT H3 oneBii^Horo paBencTBa 

IIpoBepHM Tenepb, hto /, onpe^ejiaeMoe (JiopMynoii (11.6), KoricjiopMHO OTo 6 paacaeT e^HHHHHbiii 
Kpyr D Ha ce 6 a. II 3 TeopeMbi 11.13 caeayeT. hto cJiopMyaa (11.6) onpeaeaaeT Koncj^opMHoe oto 6 - 
pa>K 6 Hiie pacniHpeHHOH KOMnaeKCHOii hjiockocth na ce 6 a. ylaaee. tohkii zq ii To -1 CHMMeTpHHHbi 
OTHOCHTejIbHO OKpyHvHOCTH 7 = {z \ \z\ = 1}, npiIHOM 

f(z 0) = 0 , / (zb- 1 ) = 00. 

OTCio^a h ii 3 TeopeMbi 11.16 caeayeT, hto o6pasoM OKpyacHOCTir 7 npu apoSHO-aimefmoM OToSpa- 
?KeHHH (11.6) HBaaeTca 0 k py> kh 0 c t b T c peHTpoM b nanaae KOopaimaT. Toro hto6bi bbihchhtb 
paanyc OKpyjKHOCTii T, 3aMeTHM, hto 


l/(l)l= ^ 


Zo 


1 -Z 0 


^0 


= 1. 


^0 


CaeaoBaTeabHO, Y - okpv>khoctb eaiiHiinnoro paanyca c peHTpoM b nanaae KOopaimaT. 

yin a 3aBepmeiiHa aoKaiaTe.ibCTBa ocTaaocb bchomhhtb, hto OTo6pa>KeHiie (11.6) kohcJiopmho 
OT o6pa>KaeT pacmripemiyio KOMnaeKCiiyio naocKOCTb na ce 6 a h, caeaoBaTeabHO, KOiicjiopMHO oto6- 
paacaeT BiiyTpermocTb onpyaaiocTH 7 Ha BHyTpeHHOCTb OKpyacHOCTH T. □ 
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12. <pH3HHeCKHe npHJKXaceHHa KOH<J)OpMHbIX OToSpa^CeHHH 


12.1. 3a^aHa ^HpHxjie 7 ;jia ypaBHeHHa Jlanjiaca. 

TeopeMa 12.1 (TeopeMa cymecTBOBamra n e/i;HHCTBeHHOCTH pemerraa 3a7ann /^Hpaxjie 77 a ypaB- 
HeHna Jlanjiaca). IJycrm> 

• D - o6jiacmb (603 mochcho, HeospaHunennafi) e M 2 c Kycouno-SAadKou spauuyeu 7 ; 


• Uq - KycouHO-Henpepuenasi (fiyunyusi na 7 ; 

• E - (KOHeunoe) MHOcncecmeo monen pa3puea cpyHKyuu u 0 . 

Tozda cyiyecmeyem eduHcmeennoe pemenue u 3adauu 

u E C 2 (D) fl C(D \ E), (12.1) 

32 a2 

V (x, y) E D Au(x,y) = 0, A = — + —, (12.2) 

V(x,y)Ej\E u(x,y) = u 0 (x,y), (12.3) 

3 C > 0 : V (x,y) G D \u(x,y)\^C. (12.4) 


3adauy (12.1) - (12.4) Ha3ueawm 3adaneu Jlyipuxjie 3aa ypaenenuA JIanAaca. 


,ZI(oKa3aTejii>CTBO. Be3 ^OKasaTejibCTBa. □ 


12.2 (OopMy.ua Ilyaccoiia 7 . 11 a peniemia 3 a 7 a T ia /iHpiixjie 7 . 11 a ypaBHeHHa Jlanjiaca b 
Kpyre). Tlycmt 

• D — {z | \z\ < 1}, D — {z | \z\ ^ 1}; 

• u eeiyecmeeHHOSHauHaA cfiyHKyuR, 3adannaA na D; 

• uE C 2 (D)nC(D); 

• V z E D A u(z) = 0. 

Tosda cnpaeedAuea cfiopMyAa Thyaccoua 


TeopeMa 


V re* G D u(re*) 


2 n 



0 


1 — r 2 

1 — 2 r cos(<p — 6) + r 2 


dB. 


(12.5) 


7[oKa3aTe.7ibCTBO. II3 TeopeMBi 2.17 c.ne 7 yeT, hto Ha 07 eTca rap m ohhh eci<aa (])vttktihh v b Kpyre D 
Tana a, hto / = u + iv e 'H(D). OnKcnpyew npoH3BOjiBHyio tohkv zq = re llf b oSaacTH D. H 3 
TeopeMbi 11.17 cjie7yeT, hto c^yriKipia 


V z E D g(z ) 


z-z 0 
1 — zSz 


ocymecTBaaeT KomJjopMHoe OToSpaaceHne Kpyra D na ce6a, npuneM g(zo) = 0. Cjie 70 BaTejibH 0 , 
f og- 1 e U(D) 11 f o g -1 (0) = f(z 0 ). 

JlerKO BH 7 eTb, hto U — R,e (/ o g^ 1 ) - rapMOHiinecKaa (JoynKipia, nenpepbiBnaa BnjiOTb 70 rpaira- 
u;bi. IIpiiMeHaa k Hen TeopeMy 3.16 (TeopeMa 0 cpe 7 HeM 7 . 3 a rapMOHHnecKHx cjjyiiKHym), nojiynHM, 
HTO 


u(z 0 ) = 1/(0) 


1 

27T 


2t r 

J U(e*) dtp 


1 

27T 


2tt 

J u o g _1 (e^) dtp 



1 

27T 




e ie d6. 


0 


0 


0 
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/pia 3aBepniemia ,a;oKa3aTejibCTBa ocTanocb 3aM6THTb, mto 

(g\z) 


g(e id ) 

1 


e = 


+ 


9(z] 

zo 


Z — Z o 1 — ZqZ 

1 — r 2 


= (J n #0)J * 

1-kol 2 

(z - 2 0 )(1 -zfiz) 
1 — r 2 


= (In (z - z 0 ) - ln(l - z 0 z )) z 

i - kl 2 


l-zzt-f + |^o| 2 


1 — re ie ~ l v — re l v~ ie + r 2 1 — 2 r cos(<p — 9) + r 2 


. □ 


12.3 (KoncjyopMnaa HHBapnaHTHOCTb ypaBHemia JIanjiaca). IIycrm> 

• D u D* - odHocesi3Hue o6.aacmu e C; 

• u zapMOHunecKasi fiyuKyuA e D; 

• g - Kcm$opMHoe omo6paoiceHue o6nacmu D * na o6jiacmb D. 

Tosda u o g - zapMOHUHecKafi fiyuKyuA e D *. 


TeopeMa 


/^OKa3aTejibCTBO. Hs TeopeMbi 2.17 cjie^yeT, mto cymecTByeT peryjiapnaa c^ymopia / b oSjiacTii D 
Taicaa, t ito Re / = u. Il3 TeopeMbi 2.7 nonyniiM, mto / o g £ %(.D*). OTCio^a n 113 TeopeMbi 2.14 
cjienyeT, mto u o g = Re(/ o g) - r a p m 0 h i-i h e c na a cjiynKipin b D*. □ 


12.2. KoMnjieKCHbiii noTempiaji njiocKoro nojia. 


12.4 (n.nocKoe none), llycmb 

• D - o6jiacmb e C; 

• A - omo6pacHceHue U3 D e C; 

Togda soeopsim, umo A - ruiocnoe noAe e D uau, coKpaiyenno, noAe. 


OnpeAejieHHe 


Onpe^ejieHHe 12.5 (Conerioii^ajibnoe none). llycmb 

• D - oSAacmb e C; 

• A = A x + iA y - noAe e D; 

• divA = ^ ^ = 0. 

cte oy 

Tozda zoeopnm, umo A - coAeuoudaAbHoe noAe e o6Aacmu D. 


Onpe^ejieHHe 12.6 (IloTeimiiajibnoe none). llycmb 

• D - oSAacmb e C; 

• A = A x + iAy - na/ie e D; 

• rot A = ^ ^ = 0. 

arr ay 

Tosda soeopam, umo A - nomeuyuaAbuoe noAe e of>Aacrnu D. 


12.7 (TapMonunecKoe none). llycmb 

• D - oSAacmb e C; 

• A = A x + - newe e Z); 

• A - coAeuoudaAbHoe noAe; 

• A - nomenyudAbHoe noAe. 

Tosda soeopnm, umo A - sapMomiuecKoe noAe e olAacmu D. 


OnpeAejieHHe 


12.8 (KoMiuieKCiibiM noTenpuaji njiocKoro nojia). llycmb 

• D - odnoceA3HciA oSAacmb e C; 

• A - sapMOHunecKoe noAe e D. 


TeopeMa 




























A. A. noacapcKiift 


Tozda cyu^ecmeyem f G 'H(-D) manaa, urrio 

V z G D A(z) = f'(z). 

/^OKa3aTejIbCTBO. PaCCMOTpilM (J)yHKII,HK) 

V 2 G D g(z) = A(z) = A x (x,y)-iA y (x,y). 

IPs noTeHpnajibHOCTH h co.neHOHflajibHOCTii nojia A cjie^yeT, hto (Jjvhktihh g ynpBjieTBopaeT yc.no- 
bhsm Koinii-PpiMaHa h, c.neAOBaTe.ibTK). g g %{D). 

IPs TeopcMbi 3.10 cjie^yeT, hto g HMeeT nepBoo 6 pa 3 Hyio b oO.nacTii D. Bo.nee tohho, 

3 fen{D) : VzeD f'{z) = g{z). 

,3[jih saBepmeHiia TpKasaTejibCTBa ocTajiocb saMeriiTb, hto 

VzeD A(z)=~g^) = J 7 ^).n 

12.9 (KoMnjieKCHbifi noTeHipiaji no.na). Ilycmb 

• D - odnocea3naa o6,fiacrm> e C; 

• A - sapMOHunecKoe none e D; 

• f G H(D) maKati, umo A = f e o6,nacrnu D. 

Toeda zoeopam, umo f - KOMUAeKcnuu nomenyuaA 

12.10 (TpaeKTopim no.na). Ilycmb 

• D - oljiacmb e C; 

• A - sapMomiuecKoe none e D; 

• z : [ti, ^ 2 ] —> D - pemenue ypaenenua 

w , c r, , , dz(t) 

Tosda soeopam, umo z(-) - mpaenmopua no a, a, A. 

12.11 (9k i 5 u norenmia n bh 1>1 e jihhhh nojia). Ilycmb 

• D - odnocea3naa ol/iacmb e C; 

• A - sapMOHunecKoe none e D; 

• f — u + iv - KOMruieKCHUu nomenyuaA no a a A. 

Tosda Atolyw auhuw ypoena $ynnyun u (m. e. Kpueyto, ydoeAenieop,H’ioiu;y’io ypaenenun) u = C, 
zde C - neKomopaa nocmoannaa) na3ueawm SKeunomeHyuaAbnou Aunueu noAa A. 

12.12 (OcuoBHoe CBofiCTBO SKBPinoTenpHajibiibix jihhhh). Ilycmb 

• D - odnocea3naa olAacmb 6 C; 

• A - sapMomiuecKoe noAe e D; 

• f — u + iv - KOMHAeKCHUu nomenyuaA no a, a, A; 

• z\ G D, Z 2 G D AecHcam na odnou dKeunomenyuaAbnou auhuu noAa A (m. e. u(z\) = ufa)); 

• 7 - KycouHO-BAadKaa npueaa e D, coedunawiyaa mourn Z\ u Z 2 - 

Tozda pa6oma iioaa A no nepeMevyenuio monuu edoAb Kpueoii 7 poena nyAto. EoAee mouno, 


TeopeMa 


Onpe^ejieHHe 


Onpe^ejiCHHe 


noAA A. 


= A(z(t)). 


OnpeAejieHne 
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,ZJoKa3aTejii>CTBO. II 3 Toro, hto / 

3TO 


CieAOBaTe.iMio. 


J A x dx + A y dy 

7 


: u + iv KOMiuieKCHbiH TToK'Timia.i nona A mojkho BbiBecTH, 

du du 

Ax = dx' dy' 


— dx + — dy = du = u(z 2 ) — u(zi) = 0. □ 
dx dy J 


12.13 (JIhhhh TOKa nojia). IJycmb 

• D - odnocen,3nan odnacmb e C; 

• A - sapMommecKoe none e D; 

• f — u + iv - KOMnneKcnuu nomenyuan nonn A. 

Tozda ntodyto auhuw ypoenn (fiynKyuu v Ha3ueawm nunueu moKa nonn A. 


Onpe^ejieHHe 


12.14 (OcnoBHoe cbohctbo jihhhh TOKa). IJycmb 

• D - odHOC6A3Han odnacmb e C; 

• A - sapMominecKoe none e D; 

• f — u + iv - KOMnneKcnuu nomenyuan nonn A; 

• z : [£i,£ 2 ] —> D - mpaeumopun nonn A. 

Tozda 

3 Cel : V t e [ti,t 2 ] v(z(t)) = C. 


TeopeMa 


/^OKa3aTejiBCTBO. JlerKO Bii^eTb, mto 


V t G [ti, t 2 ] 


dlm(f(z 


dt 


= Im 


df(z(t)) 

dt 


= Im (f\z(t)) z'(t )) = Im (f(z(t)) A(z{t))) = 


= Im (. f'(z(t )) /'(-(£))) = Im (|/'(^(t))| 2 ) = 0 □ 


12.3. ITojie CKopocTeii H^eajiBHOH HeoKHMaeMoii ^ch^kocth. PaccMoxpHM cxaniiOHapHoe iuiocko- 
napajniejibHoe Teaerrae Tmeaiiaioii h c c >k hm ae m 0 il jkh^kocth b o6jiacTii D cC. IlycTb V — V x + iV y 
- none CKopocTeii paccMaTpiiBaeMOil jkh^kocth. IIsBecrrio, aro none CKopocTeii V yflOBjieTBopaeT 
ypaBiiermio Hepa3pbiBiiocTii 


divV 


d^ + dV l 

dx dy 


0 


h ypaBHeHHio tipc>kh\ iae m 0 c 7 tt 


rot V = 


dV„ dV r 


= 0 . 


dx dy 

II 3 TeopeMbi 12.8 c.ienyeT. mto cymecTByeT KOMiuieKCHbifi noTempiaji / ito.ia CKopocTeii V. 


12.15 (KoMnjieKCHbifi noTeimiTa.i 33 a SecKorieano r,ny 6 oKoro iuiocKO-napajuiejibHoro 
noTOKa H3ea3bHOH HeoKHMaeMofi >kh 3 kocth). IJycmb 

• D - odnocemnan odnacmb e C; 

• zpanuya 7 odnacmu D nonootcumenuno opuenmupoeana onmocumenbuo D; 

• 7 codepcHcum decKoneuno ydanennyto rnonny; 

• 7 - snaduan upuean e C; 

• e OKpecnmocmu decKoneuno ydanennou monnu 7 nennemcn npnMou; 


TeopeMa 
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A. A. noacapcKiiit 


• Voo > 0 . 

Tosda cymecmeyem eduncmeennoe sapMonunecKoe none CKopoemeu V maKoe, umo 

(1) noAe V o6meKaem Kpueyw 7 (m. e. 7 mAnemcn Aunueu mona no a a V) e nanpaeAenuu 
3adauH0M opuenmayueu na 7; 

(2) noAe V paenoMepno oepanuueno e oSAacmu D; 

(3) |P(,s)| = Voc + o(l) npu D 3 z —> 00 . 

KpoMe moso, cymecmeyem KOMnAeKcnuu nomenyuciA f hoaa CKopoemeu V, ydoeAemeopAwiyuu 
CAedyyoipuM ycAoeuAM 4 

(1) / - KOH$opMHoe omo6pacncenue oSAacmu D na noAynAOCKoemt< II + = {in | Irn w > 0}; 

( 2 ) /( 00 ) = 00 ; 

(3) \f'(z)\ = V'oo + o(l) npu D 3 z —» 00 . 

7;oKa3aTCJiBCTBa. O6CV711M 117010 70Ka3a,TejibCTBa cymecTBOBanim KOMnjieKCHoro noTemi;ii- 
ajia, /, yzjOBjieTBopajomero vcjiobimm TeopeMbi. IIs TeopeMbi 11.10 (TeopeMa, PiiMaHa.) e. leaver. hto 
cymecTByeT KOiicjaopMHoe OToSpaaKeniie / oSjiacTii D na Bepxmoio nojiynjiocKOCTb II + = {w | Im w > 
0}. llpi! 3 tom / oiipe. ie. ioiio c TOHHOCTbio 70 npoii3BOJibHoro BbiSopa Tpex BenxecTBeHHbix nocToan- 
hmx. BbiSiipaa 9 tit nocToarmbie n07X07nru;i'iM o6pa30M, Bceryia moktio y70BjieTBopiiTb 7 bvm vcjiobii- 
2M ( 2) H (3). 3a,MeTHM, HTO npu 3TOM OCTaneTCil BO3MO >K HblM npOH3BOJIbHbIM o6pa30M (JpiIKCHpOBaTb 
TpeTbio Bem,ecTBeiiHyio nocToaiiiiyio. 3 tot npoii3BOJi CBsisan iiHBapiiaHTHOCTbio Bepxnefi nojiynjioc- 
kocth OTHOCiiTe.iibHO cflBiiroB Bflo.nb ocii Ox ii ne npimo/iin k h e07H0 3 h an H 0mv onpeAe.neHiiKj nojia 
CKopocTefi V. 

tIjih 70Ka3aTe.nbCTBa cymecTBOBanim sa^aHHoro no.ia CKopocTeii, 70 craT 0 HH 0 npoBepiiTb, hto no- 
jie CKopocTefi V. nocTpoemioe no KOMnjieKCHOMy noTemjiiajiy /, ynpBjieTBopaeT vcjiobiihm TeopeMbi. 
II 3 Toro, hto o6pa30M rpamiiibi 7 aB.naeTca BemecTBeiraaa ocb e. ie. iye r. hto 

V z G 7 v(z) = Im f(z) = 0. 

TaxiiM o6pa30M, 7 - jiimiia Toxa nojia V. 

PaBHOMepHaa orpainiHeiraocTb nojia V aBjiaeTca lie BnojiHe TpiiBnajibHbiM cJaaxTOM n na ee 70- 
Ka3aTe.nbCTBe mbi ocraHaBjuiBaTbca lie 6y7eM. Otmctiim .annib, hto paBiiOMepnaa orpaHiiHei-raocTb 
no.'1 a V cjie7yeT 113 rjia ikoc i ii rpaHiinpi 7 (7JM Herjia7xnx rpaHiin, none V MoaxeT oxasaTbca iieorpa- 
1111 h e hh bi m (cm. npiiMep 12.16)). 

II 3 \f'(z)\ = Voo + o(l) c,ne 7 yeT, hto |1 / (^)| = Ko + o(l) npu D 9 z —> 00 . 
yTBep>K7eHiie 0 p t hhctbchhocth nan a cxopocTeii V ocTaBiiM 6e3 70Ka3aTe,iibCTBa. □ 

IIpHMep 12.16. Haumu noAe CKopoemeu V udeaAbnou necotcuMaeMou otcudKocmu e oSAacmu 

D = {z | Imz > 0} \ {z | z — iy, y e (0, h)}, 

zde h > 0 ; ydoeAemeopAwmyw ycAoeuw |V(2:)| = + o(l) npu D 3 z —> 00 , sde V, x > 0, u 

o6meKau)ui ) ee epauuyy o6Aacmu D e nanpaeAenuu om —00 k +cx). 

PemeHHe. lIocTpoiiM KOiicJ^opMuoe OToSpanceHiie oS.nacTii D na Bepxmoio no.ayn.aocKOCTb n + . Oto 6- 
pa>KeHiie 

Z\ = z 2 , z G D 

KOHfJiopMHO OTo6pa»caeT oSaacTb D na oo.iacTb 

D 1 — C \ {zi j z\ — Xi, Xi G (— h 2 , + 00 )}. 

'() 1 m( v i iim. hto kom 11. leKciii.iii iloioiiiuifi. i onpea,ejiiieTCfl c TOHHOCTbio .1.0 npii 6 aBJieHiifl upon sito. ibiioii iioct.ohhhoh. 
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OTo6pa»ceHHe 

z 2 = z i + h' 2 1 z i £ D\ 

kohcJdopmho OTo6pa>KaeT oS.aacTb D { na oS.nacTb 

D2 = C \ { z 2 I z 2 — %2i x 2 c ( 0 , +00)}. 

OTo6pa»ceHHe 

z 3 — \f z 2, z 2 £ £> 2 , 

r,n,e Bbi6pana BeTBb Kopmi. ynoB.aeTBOpaKjiTiaa vcjiobiiio \/^T = h kohcJdopmho OTo6pa>i<aeT oo.iacTr, 
D 2 na Bepxmoio no.xyn.xocKOCTb n + . SaMCTiiM, tto nojiynem-ioe OToSpajKemie oSjiac.Tii D 11 a II + 
iippenu un 00 b 00 . Ooniee OTo6pa2Kenne Bepxiieii nojiynjiocKOCTii n + it a ceua mo>kho 3 an it c ax b b 
BH^, e 

w = az : 3 + b, z 3 e n+, 

Tue a > 0 h b e M. 

TaxiiM o6pa,30M, c|)ynKnmi 

w = f(z ) = aV z 2 + h 2 + b, 

KOiicJiopMiio OTo6pa>KaeT oS.nacTb I) na Bepxmoio nojjynjiocKOCTb II + . jierico Bii^eTb, tto 


f\ z ) = a + O ^ , z 


00 . 


Ilona ran a = 11 b = 0 (bbi 6 op b ne tit n hot na none CKopocTen V) iiafl^eM KOMnneKCHbifi noTernina.T 

nojm V 

f(z) = V'ooVz 2 + h 2 , z e D. 

OTCKJoa 11 113 TeopeMbi 12.15 cnenyeT, hto 


V(z) = f\z ) = 14 


z e D. 


( 12 . 6 ) 


.vTO?/’ 

H 3 (12.6) c.ne^yeT, tto cxopocTb noTOKa npn npn 6.x it me hit it k Tomce z = ih CTpeMincn k 6ecKO- 
HeHHOCTH, B TO BpeMH KaK npH npil6.TIH2KeHIIH K z = 0 CKOpOCTb nOTOKa CTpeMITTCH K HV.TKJ. □ 

12.4. riojie CKopocTeii H^eajiBHoii HeoKHMaeMoii >khei;kocth (^onojiHeHne). 

Onpe^ejieHne 12.17 (IIotok nnocKoro noun T iepe3 aaMKHVTbiii Komryp). Ilycmb 

• D - o6Aacmt> 6 C; 

• A = A x + iA y - none e D; 

• 7 - SAadKuu 3aMKHymuu Konmyp e D noAootcumeAbHO opuenmupoeaHHUu omnocumeAbHO 
ceoeii enympenHocmu; 

• n — n x + n y - eduminnaA eneumAA uopMaAb k 7 . 

IJomoKOM no a a A uepe3 Konmyp 7 e nanpaeAemm eneumeu nopMctAii n Ha3uecrwm hucao 5 

N = (j) A x dy — A y dx. 


Onpe^ejiemie 12.18 (TIiipKv.TnTum nnocKoro norm b;io.tb saMKiivToro KOHTypa). Ilycmb 
• D - odAacmb e C; 


5 3to onpeflejiemie 9 kbhb.3ji6htho RjiaccimecKOMy: N = j>(A,n ) dl, rn,e (A,n) = A x n x + A y n y - CKajinpuoe npoii3- 


Be,D,eHiie BeKTopoB A 11 n. 
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• A = A x + iA y - none e D; 

• 7 - SAaduuu 3ciMKHymuu opuenmupoeannuu Kcmmyp e D; 

• t = t x + T y - eduHUHHUu KacameAbnuu eeumop k 7 , cozAacoeannuu c opuenmayueu na 7 . 
I^upKyAAyueu uoaa A edoAb Konmypa 7 e nanpaeAenuu 3adannoM opuenmayueu ua 7 Ha3ueawm 

HUCAO 6 7 


r 


A,; dx + dy. 


7 


TeopeMa 12.19 (AKBiiBajieHTiioe onpe^ejieHiie noTOKa 11 piipKyjiaipiii njiocKoro no.na nepes sa- 
MKHVTbifi KOHTyp) . Idycmu 

• D - o6ACLcrm> e C; 

• A = A; + iA y - ? 2 cue e D; 

• 7 - SAadnuu 3aMKnymuu Kcmmyp e D noAootcumeAUHO opuenmupoeannuu omnocumeAbno 
ceoeu enympennocmu; 

• n = n x + n y - edununnaA eneumAA nopMaAU k 7; 

• N - norrioK uoaa A nepe3 Konmyp 7 e nanpaeAenuu eneumeu nopjviaAU n; 

• r yupKyAAyuA uoaa A edoAU Konmypa 7 e nanpaeAenuu 3adannoM opuenmayueu na 7. 


Tozda 




AoKa3aTejibCTBO. SaMCTiiM, hto 


A(z) dz = ® (A x — iAy ) (dx + i dy) = (p A x dx + A y dy + i f A x dy — A y dx = T + iN. 


Otckj/ta h 113 BK.moHeHiiH r e 1, N £ K c.ne^yeT neoSxofliiMoe y x Be p >K r ae h it e . □ 


TeopeMa 12.20 (Bf>ipa>Kernie noTOKa h ipipKyjiaipffl rapMOHiinecKoro nona nepes ero KOMn.xeKCHwfi 
noTeHTpia-x). IIycmt> 

• D - odAacmb e C; 

• A = A x + iAy - zapMonuuecKoe noAe e D; 

• f - KOMnAencnuu nomenyuaA no a a A; 

• 7 - SAadKiiu 3aMKnymuu Konmyp e D noAocmumeAuno opuenmupoeannuu omnocumeAuno 
ceoeu enympennocmu; 

• N - nomoK no a a A nepe3 Konmyp 7 e nanpaeAenuu eneumeu nopMUAU; 

• r yupuyAAyuA uoaa A edoAU Konmypa 7 e nanpaeAenuu 3adannoM opuenmayueu na 7 . 


Tozda 


r + iN 


f\z) dz. 


7 


Ao K a 3 aTejibCTBO. Bb<vi<’m o6o3iia3eHiie f(z) = u(x,y ) + iv(x,y). II 3 onpe^ejiei-raa KOMiuieKCHoro 
noTempiajia c. k- xyci. hto 

f(z) = A x — iAy. 

6 3to onpe^ejieHiie :-)K.Biiiia.ieimio KJiacCHxecKOMy: T = <f(A,r ) dl, ra,e (A. r) = A x t x + A y T y - CKajrapHoe npoH'-mi' 

7 


a,eHII0 B6KTOpOB A H T. 
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C .71 6/TOB TT e.3?jH 0. 

I f'(z) dz= <j> (A x 

7 7 


iAy) (dx + i dy ) 


A x dx + A y dy + i ® A x dy 


A y dx = 


r + *n. □ 


IlycTb D - oS.nacTb b C h A - rapMomiTecKoe none b D. Ha AOKasaTenbCTBa TeopeMbi 12.8 
(KOMnneKCHbiil noTeHipian njiocicoro ncuia) cnenyeT, tto A - pery.napnasi cj)_vri kiiitb oSjiacTii D. 
IlycTb Tenepb zq - n 3 0 . x h p 0 b a h h a a oco6aa tomka (})vhkii;tttt A. C. k\ umare. ibiio. b OKpecTHOCTii tohkh 
z 0 ona MO>KeT 6bitb pasjiooKei-ia b pan Jlopana mi;ia 


A{z) 


+OO 

^2 Cn(z~Z 0 ) n . 
n =—00 


(12.7) 


np eon 0.3o>khm. hto 7 = {z \ \z — z 0 | = e}, r^e e - Aocia iomiio Manoe Hnc.no h 7 - opiieHTnpoBan 
no.no>KTiTe.nbHO OTHOCHTe.nbuo CBoefi BHyTpeimocTH. IIs TeopeM 6.15 (TeopeMa 0 Bf>i T iexax) h 12.19 
nO.nyHIlM, T ITO 

r + iN = j) A(z) dz = 2nic-i. (12.8) 

7 

Ms (12.8) cnenyeT, hto b pa/ie (12.7) BK.xan b noTOK h TuipKy.rnnnno b OKpecTHOCTH tohkii z 0 naeT 

e n HHCTBCHHbTH H.XCH BHfla . 


OnpeflejieHne 12.21 (Ilone tohchhoto BHxpencTOHHHKa). TIoneM moueunozo euxpeucmounuKa, 
cocpedomouennozo e mouKe zo e C, c unmencuenocmbw nomona N u unmencuenocmbw euxpn T 
na3ueawm none c nomenyuanoM euda 

N + iT 1 
2n z — zq 


TeopeMa 12.22 (noTemniaji TonenHoro BHxpencTOHHHKa). Ilycmb 

• Zo £ C; 

• A - none moueunozo euxpeucmounuKa euda 

N + iT 1 

27r z — z 0 

Tozda 

(1) npu N + iT ^ 0 none A ne UMeem KOMnnencnozo nomenyuana pezynnpnozo e C \ {z 0 }; 

( 2 ) none A imeem Miiorosi-iaHHbiH KOMnneKcnuu nomenyuan e C \ {z 0 } euda 

N — ?T 

f(z) = Ln(z - z 0 ) + C, 

zde C - npou360Abnan nocmonnnan. 


,Hy)Ka3aTejibCTBO. C.xe/iyeT H3 Toro, t ito Ln(z — zq) - pery.napHaa MHorosnaHHaa (jiyuKrum. moon a 
pery.n5ipHa.5i BeTBb ln(z — zq) KOTopofl, ynoB.neTBOpTieT vc.xobttkj (ln(z — zo))' = —□. 

TeopeMa 12.23 ( OopMy.xa Hanjibirana). Ilycmb 

• D* - ozpanuuennan odnocen,3nan odnacmb (nanpuMep, Kpuno caMonema); 

• D = C \ ~Dl; 

• 7 - zpanuya odnacmu D, nonootcumenuno opuenmupoeannan omnocumenbno D; 



94 


A. A. IlOiKapCKHH 


• V noAe CKopocmeu cmapuonapHOdo njiocKO-napcuuiejibHOdo menenuA udeajibuou uecotcuMd- 
eMou otcudKocmu (npu CKopocmax cyipecmeenno Mem>umx CKopocmu 3eynd, eo3dyx mochcho 
CH umamt udeaAtHou necotcuMaeMou otcudKocmbfo) e oSAdcmu D; 

• noAe CKopocmeu V o6meKaem Koumyp 7 ; 

• p - nAorrmocmb cncudKocmu; 

• P nodveMHan cuaci, deucmeywtyaA ua Konmyp 7 (uau, uanpuMep, na kpuao cciMOAema D*) 
co cmopoHU otcudKocmu (deucmeueM cua macHcecmu npene6pezaeM,). 

Tozdd 

p = -|/|VW| 2 ^, p = f j(V(z)) 2 dz. (12.9) 

7 7 

BMecme c omuM, ecAii cytpecmeyem komhackchuu nomeuyuaA f hoaa CKopocmeu V, cnpaeedAuea 
$opMyAa HanAuzuna 

P = Y f(f(z)) 2 dz. (12.10) 

7 

T^OKaaaTCJitCTBO. ic. i.ye i 113 K.nacciiaecKofi (JtopMyjibi BepHy.n.riH 

p + ^\V\ 2 = c, 

iyje P - ian. leime h C - neKOTopan nocTOHHHaa. Mm ho3bojihm ce6e ocTaBHTb sto y tB ep>K 7 e hit e 6e3 
AOKasaTeabCTBa (cm., nanpimep, [2]). □ 

TeopeMa 12.24 (OopMy.iia >KyKOBCKoro). IJycmt > 

• D* - ozpaHuueHHafi odHOC6A3Ha,A o6Adcmb; 

• D = C \ Dl; 

• V - noAe CKopocmeu cmayuonapHoso nAOCKO-napaAAeAbuozo menenuA udeaAbuou uecotcuMa- 
eMou cncudKocmu e oSAacmu D; 

• noAe V oSmeuaem zpamiyy 7 o6Aacmu D (m. e. 7 AOAAemcA Aunueu mona hoaa V); 

• V (z) — Voo + o(l) npu z —> 00 , zde € C \ {0}; 

• nomoK N noAA V CK603b aw6ou Koumyp oxedmuedwu^uu D * paeeu uyAW (dpyzuMU caobcimu, 
e oSAacmu D* u Hd ee zpduuye Hem HUKdKux ucmoumiKoe): 

• r yupuyAHyuA hoaa V edoAb ak>6ozo Konmypd oxedmuedwiyezo D *; 

• P nodbeMHdA cuAd. 

Toedd 

P = -ipTVoo. 

y]^OKa3aTejibCTBO. JpvHKiniM V(z) HBjiaeTca peryjiapHoii ([jvitktuth b OKpecTHOCTH SecKOHeaHOCTH 
h, c.ne 7 ,OBaTe.JibHO, Moa-eeT 6 mtb panoHcena b pa,n; JIopa.ua b OKpecTHOCTH OecKorieariocTH. OTCKcta. 
yaHTbiBaa npean 0 . 3 o>KeH it e 0 noBe,n;eiraH (JiyiiKnini V na OecKOiieaHOCTH, noavaiiM. hto 

-2 

V(z) = Voo H—-—f c n z n 


npn flOCTaTOHHO OojIbHIHX 2. 

Us npean o.ji o>Ke hitIt , t tto N 
m;ero £>* noavaiiM. hto 
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Otckj/ta ii H3 TeopeMbi 12.23 nojiyHHM, t ito 


P = jf(V(z)fdz 

7 

(KMuna i c. ibiiu. 


y(-27ri)res(\/(^)) 2 = ^(-27 t?;)^^ 

2 Oo / 7TI 


P = -ipTVoo. □ 


iprVoo. 


3aMenaHHe 12.25 (IlapaflOKC nyjieBoro JioSoBoro conpoTHBjieima). M 3 meopeMU 12.24 cAedyem, 
nmo npu odmemnuu yuAimdpd npou3eoAbnou (fiopMU nomonoM udeaAbuou necotcuMaeMou otcudKO- 
cmu, omcymcmeyem cuacl ao6obo 20 conpomuBAenuA. BMecrrie c amuM, npu 6ecyupKyAAyuonnoM 
o6meKanuu yuAundpd npou360Abnou (fiopMU nomoKOM udeciAbuou necotcuMdeMou otcudKocmu, om- 
cymcmeywm Kanue-Au6o cuau, deucmeytmyue co cmoponu atcudnocmu na yuAundp. 


TeopeMa 12.26 (KoMiuieKCHbifi noTei-nuiaji 6ec tijt p kv. 3a ti;ttohh 0 r 0 oSTeKarme orpaHiiaeimoH o jt ho- 
CB5I3HOM oS.JiaCTIl). Mycmb 

• D * - ospaHUHeHHdA odHOC6A3HaA odAdcmb: 

• D — C \ Ay 

• V noAe CKopocmeu cmayuonapnozo nAOCKO-napaAAeAbnoso menenuA udeciAbnou necotcuMd- 
eMou otcudKocmu e oSAacmu D; 

• noAe V o6meKaem zpanuyy 7 o6Aacmu D (m. e. 7 ABAAemcA Aunueu mona uoaa V); 

• V(z) — Voc + o(l) npu z —y 00 , ede G C \ {0}; 

• nomoK N noAA V CK603t> aw6ou Konmyp oxeamueawiyuu D * paeen nyAto (dpyzuMU CAoeciMii, 
e o6Aacmu D * u na ee spanuye nem hukokux ucmonnuKoe); 

• yupKyAAyuA T uoaa V edoAb Atodozo Konmypa oxeamueawu^eso A paena nyAto. 

Tozdd 

(1) cytyecmeyem komuapkchuu nomenyuaA f uoaa V; 

(2) KOMnAeKCHuil nomenyudA f onpedeAen c monnocmbto do npuddBAenuA npou3eoAbnou nocmo- 
ahhou; 

(3) KOMnAeKcnuu nomenyudA f ocyiyecmeAAem KontfiopMnoe omodpdotcenue odAdcmu D nd eneiu- 
nocmb nenomopozo ompe3Kd ndpdAAeAbnozo ocuu (uMeemcA e eudy, nmo f : z ha w = u+iv). 


/^OKa3aTejibCTBO. Bes :iuKa ian-. n>cma. □ 


TeopeMa 12.27 (Eec ti;tt p kv. 3a ti;ttohh oe ofnoKmme Kpyr.noro ipuiHH/ipa). nycmb 

• D — {z | \z\ > R}, zde R > 0; 

• V noAe CKopocmeu cmdyuondpnozo UAOCKO-ndpdAAeAbnozo menenuA udedAbnou necotcuMd- 
eMoil 3tcudKocmu e odAdcmu D (deucmeueM cua mAotcecmu npenedpezdeM.); 

• noAe V odmeudem zpdnuyy 7 odAdcmu D (m. e. 7 ABAAemcA Aunueu moKd no a a V); 

• Poo G C; 

• V(z) — Voo + o(l) npu z —> 00 , zde P*, G C \ {0}; 

• nomoK N uoaa V CK603b Atodou Konmyp oxedmueutomyiu, D * pueeu nyAto (dpyzuMU caobomu, 
e odAdcmu D * u nd ee zpduuye nem nuKdKux ucmonnuKoe); 

• yupKyAAyuA T uoaa V edoAb ak>6ozo Koumypd oxedmuedwu^ezo pueud nyAto. 

Tozdd 

f, , TT , VooR 2 

J\Z ) = Poo ^ H--- 

ABAAemcA MH0203HdnnuM KOMnAeKCHUM nomenyudAOM no A A V. 
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^OKa 3 aTejibCTBO. Cne/ryex hs TeopeMbi 12 . 26 . □ 

TeopeMa 12.28 (OSTeKairae Kpyr.uoro n;iijiiiH7pa noTOKOM c HeHyaeBofi pHpKy.napnefi). IJycmb 

• D = {z | \z\ > R}, sde R > 0; 

• V none CKopocmeu cmayuonapnoso nAOCKO-napaAAeAbHozo menemiA udeaAbHou HeccncuMa- 
eMou otcudKocmu e o 6 Aacmu D (deucmeueM cua mAotcecmu npeneSpegaeM,); 

• noAe V o 6 menaem gpanuyy 7 o 6 Aacmu D (m. e. 7 AGAAemcA Aunueil mona hoaa V ); 

• Voo £ C; 

• V(z) — Voo + o(l) npu z —* 00 , ede € C \ {0}; 

• nomoK N hoaa V CK603b aw 6 ou KOHmyp oxeamueatouiyiu D * paeen nyAto ( dpyzuMU CAoeaMU, 
e oSAacmu D* u na ee epanuye nem hukclkiix ucmonmiKoe); 

• r yupKyAAyuA hoaa V edoAb ak> 6 o 20 Koumypa oxeamueawtyeeo D *. 

Toeda 

f(z) = V 00 Z+ ^°° R + Ln z 
z 2m 

AQAAemCA MH0203HCLUHUM KOMHAeKCHUM HOmeHyUdAOM HO A A V. 

/^OKa 3 aTejibCTBO. SaMeTiiM, t ito no.ue, OTBenaiomee MHoro 3 HaHHOMy KOMn.ueKCHOMy noTeniuia.iy 
CLnz, npn .ukj 6 om C G C oSTenaeT KOiiTyp 7 . OTcmua 11 113 TeopeM 12.22 11 12.27 eae/iyer. mto 
mh 0r03 h a T i hbt ii KOMn.iieKCHbiH noTeHipiaa 

f(z) =VooZ+ V °° R +^:LlU 
z 2m 

OTBenaeT BceM vcaobimm nacTonmen TeopeMbi. □ 

TeopeMa 12.29 (OSTeKaniie piuiiiipupa npon 3 BOJibHoii (JiopMbi noTOKOM c HeHyaeBOii pHpRyaaipiefi). 
- ogpammeHHCiA odHOC6A3naA oSAacmb; 

• D — C \ D *; 

• V noAe CKopocmeu cmayuonapHoeo nAOCKO-napaAAeAbHoso menemiA udeciAbuou uecotcuMa- 
eMou cncudKocmu e o 6 Aacmu D; 

• noAe V o 6 menaem gpamiyy 7 o 6 Aacmu D ( m. e. 7 AGAAemcA Aunueu mona hoaa V); 

• V(z) — Voc + o(l) npu z —y 00 , gde V, x e C \ {0}; 

• nomoK N hoaa V CK603b ak> 6 ou Koumyp oxeamueawmuu D * paeen nyAto (dpyeuMU CAoeaMU, 
e oSAacmu D* u na ee spanuye Hem hukokux ucmonnuKoe); 

• r yupKyAAyiiA hoaa V edoAb ak> 6 o 20 Koumypa oxeamueawuifigo D *; 

• g - KowfiopMHoe omo6pacmemie oBAacmu D na o6Aacmb {w | |w| > R} npu nenomopoM 
R > 0, ydo6AemeopAwui,ee ycAoeuAM g( 00 ) = 00 , g'(oo) = 1. 

Togda 

f(z ) = V QO g(z) + + JLu\g( Z ) 

g{z) 2m 

AGAAemCA MH0203HaUHUM KOMHAeKCHUM HOmeHyUdAOM HO A A V . 

/^OKa3aTejiBCTBO. Be3 flOKasaTe.nbCTBa. □ 

12.5. SjieKTpocTaTHHecKoe nojie. PaccMOTpiiM njiocKO-napajuiejibHoe 3 .TieKTpocTaTH T iecKoe no.ne 
b cpe.ae c riocToarnioii OTHOCHTe.nbHoii 7119.3 eKTp it t i e ckom npoHiipaeMOCTbio, ne co^epavanieii iih s.neK- 
TpiiMecKiix lapM/iuB. hh nepeMeiiHoro MamiiTHoro no.ua. B stom c.uynae s.ueKTpocTaTnnecKoe no.ue 
MoaceT 6biTb onncano 7By m ep hbtm BeKTopoM, 3 aBiicaniHM ot 7Byx 76KapT0Bbix K00p7imaT. IlycTb 
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E — E x + iEy - Hanpa»ceHHOCTb sjieKTpnnecKoro rioaa b orpai-mneHHOii odjiac.Tii D cC. ll3BecTH0, 
t ito none E no^nimaeTca 3 a,K 0 Hy Faycca 


cliv E 


d E x | d E y _ 
dx dy 


h saxony HHflyKijHH OapaTien 


rot E 


dEy 

dx 


d E x 
dy 


= 0 . 


II 3 TeopeMbi 12.8 c.aenyeT. hto cymecTByeT KOMnjieKCHbifl noTeHipiaa / pjin HanpjDKeHHOCTH snex- 
Tpii T iecKoro nojin E. 

HanoMHHM, hto , 3 . 3 a BexTopa HanpanceimocTH BRO/nm-a sjiexTpocTaTHnecxiiH noTeHiniaa p no 
(J)opMy.ae E = — grad p. B naineM c.aynae nor. le.uiee cooTHomenne MOTxeT 6 biTb nepenncano b Binge 


dp .dp 
dx dy 


YniiTbiBan, t ito 


E = f 


du .dv du .du 
dx dx dx dy ’ 


HafineM crarib Me>x,gy noTeHipiaaoM p n KOMnjieKCHbiM noTeHipia.aoM / 


3 Cel : p = —u + C. 


TeopeMa 12.30 (KoMnnexcHbin noTemgiiaji njiocxo-napajuiejibHoro sjiexTpocTaTiinecxoro non a). 
Ilycmb 

• D - odHOC6H3Hatt o6Aacmt> e C; 

• zpanuya o6Aacma D cocmoum U3 deyx KycouHO-ZAadKux npneux 71 u 72 ; 

• pi e R, P 2 e M u pi < p 2 . 

Tozda cytyecmeyem eduHcmeennoe aAeumpocmamunecKoe noAe E nuiKoe, nmo 

(1) p - 3AeKmpocmamuuecKuu nomenyucLA tioaa E; 

(2) p\ lx = pi, p | 72 = p 2 ; 

(3) nomenyuciA p paenoMepno ospanunen e o6Aacmu D. 

KpoMe mozo, cyu^ecmeyem KOMnAeKCHUii nomenyuciA f PAeumpocmamunecKozo tioaa E, ydoeAe- 
meopAKnyuu CAedywu^uM ycAoeuAM 

(1) / - KOHifiopMHoe omofipaotcemie oBAacmu D na noAOcy II = {w | — p 2 < Rew < —9?i}; 

(2) /(7i) = {w | Rew = -pi}; 

(3) /( 7 2 ) = {w | Rew = -p 2 }. 


H flea TiOKaaaTejibCTBa. IIo aHaaornn c ,gox as ax e.a b ot bom TeopeMbi 12.15. □ 


IIpHMep 12.31. Hailmu HanpACHcennocmb E pAeKmpocmamuuecKozo uoaa u ezo nomenyuaA p e 
Kpyze 

D = {z | \z\ < 1}, 

ydoeAemeopAwtyue zpanunnuM ycAoeiiAM 

• </?| 71 = 0 ; zde 71 = {z | \z\ = 1 , Im z > 0}; 

• ^1-72 = 2 ^ e 72 = {z | \z\ = 1, Im z < 0}. 
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Peinemie. IIoctpohm KOH(J)opMHoe OToSpaacemie oO.nacTH D na no.nocy II = {in | — 1 < Re w < 0}. 
(>Tof)pa>KeTi n(' 

z-l 

z i = ——, ze D 

z + 1 

KOHcJpopMHO OTo6pa>KaeT ou.iac'TTi I) na oO.nacTb 

D\ = {z 3 | Re z\ < 0}. 

OToSpanceHne 

Z 2 = —izi, Zi G D 1 

koh(|)opmho OTo6pa>KaeT oSjiacTb I)\ na oO.nacTb 

D 2 = {z 2 | Im z 2 > 0}. 

()To6pa>K( v nTie 

Z3 = In z 2 , z 2 G D 2 , 

r^e Bbi6pa,iia BeTBb jiorapH<J)Ma, ynpBjieTBopaiomaH vcjiobhio Ini = i|, kohcJdopmtio OToOpaoxaeT 
o6,uacTb Do Ha oS.iiacTb 


OToSpaHceirae 


D 3 = {-3 | 0 < Im z 2 < 7T}. 


.z 3 c n 
w = 1 —, z 3 G D 3 
7 r 


kohcJdopmho OTo6pa>KaeT oo.-iacTb D 3 na no.aocy II. Takitm oOpaaoM, (Jn’HKTpm 

W = f(z) = - In f-i — 


w J \~J l " 11/ 

7T \ Z + 1 J 

kohcJdopmho OTo6pa>KaeT oSjiacTb I) na no.aocy II. 

II 3 nocTpoeHHH c. ie/iyer. t ito KOinJiopMHoe OToOpaoKei-rae / yAOB.aeTBOpaeT vcjiobimm 

/(7i) = {z I Re - = 0}, /( 72 ) = {z | Rez = -1}. 

Otc Kj;i.a h H3 TeopeMbi 12.30 e. in ivor. hto 


- m - - 2 i 


, z e D. 


( 12 . 11 ) 


II 3 (12.11) e. ir tyer. hto Han pa>Ke hh 0 ct b s.ueKTpHHecKoro nojin npn np h6.ith >Ke hh h k TonnaM 
2 : = ±1 (rianoMHHM, hto b othx TOHKax noTeHipiaJi p npeTepneBaeT paspbm) CTpeMHTcn k 6ec- 
KOHeHHOCTH. □ 
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13. Onepaii,HOHHoe HCHHCjieime 


13.1. IIpeo6pa30BaHHe Jlanjiaca. 

13.1 (ripeoGpasoBarme Jlanjiaca) . Tlycmb 

• / : R —> C; 

• f - Kyconno-nenpepuena na R: 

• V t < 0 f{t) = 0; 

• 3C>03aGK : V t ^ 0 \f(t)\ < Ce at . 

Tosda 

(1) npeo6pa3oea,HueM .Jlanjiaca ftynnyuu f na3ueawm (fynKyuw komhackchoso nepeMennoso 

+oo 

F(p) = J f(t)e~ pt dt, Rep > a; (13.1) 

o 

(2) (fyuKipu/io f Ha3ueawm opmunaAOM; 

(3) (fynnyuto F na3ueawm u3o6paatcenueM opmunaAa f; 

(4) 3aa o6o3HaneHUA moso, umo F - u3o6paotcenue opmunaAa f, ucnoAb3ywm 3anucb 

f(t) = F(p). 

TeopeMa 13.2 (PeryunpiiocTb ii3o6paoKeiran). Tlycmb 

• / - opmunaA; 

• C>0 uaeR manue, umo V t ^ 0 |/(t)| ^ Ce at ; 

• F - u3o6pacHcenue opmunaAa f. 

Tosda F G TL{D), sde D — {p | Rep > a}. 


Onpep,ejieHne 


/])oKa 3 aTejii>CTBO. IlycTb 7 - nporiSBOJibiian Kyco T mo-r.irap,Kaa naMKHVTaa KpiiBan b D. Toma Han- 
p;eTca £ > 0 Taxoe, uto 7 C {p | Rep > a + e}, OTKyzja nojiyuiiM, uto 

V(i,p)eRxD \f(t)e~ pt \ ^ Ce~ £t 9{t). (13.2) 

II 3 (13.2) c.ienyeT. uto (])vttktiu7 pbvx nepeMerinbix f(t)e~ pt HHTerpnpyeMa Ha 1 x 7 . Oxcima h 113 
TeopeMbi <Dy 6 nHH nojiyunM, uto mo>kho nepeeraBjinTb npe 7 e. 1 T>! HHTerpnpoBaHnn b miTerpane 



7 


F( p ) dp 





me-”‘ 



dt. 


(13.3) 


YaHTbiBaa, uto cjiyniapin e pt peryjinpiia no nepeMemion p bo Been KOMnjieKcnon njiocKOCTH, 113 
TeopeMbi 3.3 (miTerpaubiian TeopeMa Korun) c.iepyeT. uto 


/ 


e 


-pt 


dp 


0 . 


7 


(13.4) 


II 3 (13.3) n (13.4) nojiyuiiM, uto 73 a jiio6oh KyconHO-rnapKon saMKHyTon kphboh b D Bepno, uto 


F(p) dp = 0. 


OTCio^a n H 3 TeopeMbi 3.26 (TeopeMa Mopepbi) cnepyer, uto F G TL{D). □ 
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TeopeMa 13.3 (ilmieniiocTb npeo6pa30Bamia JIanjiaca). IIycrm> 

• fug - opusuua.Au; 

• /(f) •= F{jp) u g(t) = G(p); 

• a 6 C « ^ 6 C. 

Tosda af(t ) + ( 3 g(t) = aF(p) + f 3 G(p). 


^OKa3aTejn>CTBO. Cjie^yeT H3 jnmeimocTH HHTerpajia. □ 

TeopeMa 13.4 (TeopeMa no^oSnn ,n;jia opiirmia.ua). IIycrm> 

• f - opusuuctA; 

• /(f) .= ^(p); 

• a > 0. 

To2daf(od) = ±F(l). 

^OKa3aTejibCTBO. 


+oo 

f(at)= J f(at)e~ pt dt = 

o 


at = s 


+oo 

= - f f{s)e~^ ds = -F (- 
a J a Vo 

o 


TeopeMa 13.5 (/JncJicJiepeHnyipoBaHHe opirrimajia). Flycrnb 


f, /'. ...,/ ,n) - opusuucLAU, sde n G N; 
f(t) = F(p). 


Tosda 


/<">(*) A P"F(P) - P n - l f(0)-P n - 2 f'( 0) 


— r) n_2 fVm — _/(«-!) 




gde 


V k G {0,1,..., n - 1} / (fc) (0) = ton / (A:) (t). 


□ 


(13.5) 


/IoKa3aTe.iibCTBO. ,HpKa3aTejibCTBO npoBe^eM no hh^vkiihh. MuTerpirpyn no nacTHM, nojiynnM, 
nTO 


+00 +oo +oo 

/'(f) = J f'{t)e~ pt dt = j e- pt df(t)=e- pt f(t)\ + 0 ° O +p J dt = -/(0) + pF(p). 
0 0 0 

TaniiM o6pa30M, cJiopMy.ua (13.5) Bepua npn n = 1. 

IlycTb Tenepn <JiopMy.ua (13.5) Bepua npn n = m. llpn n — m + 1 no.nyniiM, mto 

+oo +oo 

f {m+1) (t) .= [ (/ (ro) (f))' e~ pt dt=p [ f( m \t)e~ pt dt- f {m \0 ) = 


o o 

= P (; P m F(p ) - p m ~ 7(0) - p ro " 2 /'(0) 


/ (m - 1} (0)) - / (m) (0) = 


= p"* +1 F(p) -P m f(0) - P m -'f (0) - ... - - / (m >(0). □ 


TeopeMa 13.6 (/IncjicJiepeHiiHpoBaHHe nsoSpanveunn). IJycrnb 

• f - opusuuaA; 

• /(f).- ^(p)- 

Togda V n G N t n f(t ) = (—l) n F^(p). 
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/^OKaaaTCJifcCTBO. TItt< j) <j) ep e h titt pya no^, shakom iiHTerpaaa b (jiopMyae ( 13 . 1 ), rroayaiTM 


+oo 


d n 


+oo 


F {n \p)= I f(t)—e-*dt= I f(t)(-t) n e~*dt.n 


o o 

TeopeMa 13.7 (HuTerpiipoBaime opHriraaaa). IJycmb 

• f - opuzuHcui; 

• f(t) •= F(p). 

Tozda f f(s) ds = FF 
o p 

t 

^E(oKa3aTejibCTBO. JlerKO miaeTb. t tto (Ijvhkuiim g(t) = f f(s) ds aBaaeTca opiirimaaoM. Iloaaraa 

o 

g(t) = G(p), H3 TeopeMbi 13.5 noayaiiM, mto 

f(t) = g'(t) = pG(p) - g( 0) = pG{p). 

OTCKina. yaiiTbiBaa, hto f(t) = F(p ), i-iaimeM, hto pG(p ) = F(p) h, caeapBaTeabHO, G(p) = □ 

TeopeMa 13.8 (TeopeMa sanas^biBaHiia). dlycmb 

• f - opmuHcui; 

• f(t) .= F(p); 

• T > 0. 

Tosda fit — t) = e~ pr F{p). 

/])oKa3aTejii>CTBO. JlerKO Bii^eTb, hto 


-boo 


+oo 


+oo 


f(t - T ) = / fit - r)e pt dt = 


t — T = S 


= / f{s)e~ p{s+T) ds = e~ pT / f(s)e~ ps ds = 


+oo 


+oo 


= e~ pT I f(s)e~ ps ds+ / fis)e~ ps ds = e~ pr / /(s) e - ps ds = e~ pT Fip). □ 


TeopeMa 13.9 (TeopeMa CMemeima). Ilycmb 

• f - opmuHcui; 

• /(*) •= F{p); 

• A e C. 

To 2 dae xt f{t) = F(p - A). 

/])oKa3aTejiBCTBO. JlerKO Bii^eTb, mto 

+oo +00 

e M f(t)= I e xt f{t)e~ pt dt = J fit)e~ {p ~ x)t dt = F{p - A). □ 
o o 

Onpe^ejieHHe 13.10 (CBepTKa opiiriraaaoB). Ceepmuou opmunaAoe fug Ha3ueawm (fyuKyuto 

t 

f*g(t ) = / f(s)g(t — s) ds. 


o 
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TeopeMa 13.11 (IlsoSpaavemie CBepTKii). Tlycmb 

• fug - opmuHdAu; 

• f(t) ■=' F(p), g(t ) = G{p). 

Tozda 

(1) f * g - opmuncui; 

(2) f*g(t) = F(p)G(p). 

^OKa3aTejibCTBO. (1) II 3 yc.iiOBiia V t < 0 f{t) = 0 c.ne^yeT, hto V t < 0 / * g(t) = 0. II 3 
onpefle.neiiiia 13.1 c.ieAyeT. tfo 


3C>03aeR : Vt^O \f(t)\ ^ Ce at , \g(t)\ ^ Ce 


„at 


/lajiee, 


Vt^O \f*g(t)\^ / \f(s)\\g(t-s)\ds < C 2 / e as e a{t ~ s) ds = C 2 te at ^C 2 e {a+l)t . 


(2) Meriaa MecTaMH nopa^OK iiriTerpupoBarnia, h, Bbinojinaa 3aMeHy nepeMemibix, nojiyaiiM, mto 


+OO / t 


+OO / +OO 


f*g{t) .= 


f(s)g(t — s) ds I e pt dt = 


0 \0 

+00 / +00 


0 \ s 

+00 


] ds = 

t = x + s 

/ 

L J 


+00 


f(s)g(x)e- p{x+s) dx\ ds= f(s)e~ ps ds / g(x)e~ px dx = F(p)G(p). □ 


0 \ 0 

Onpe^ejieHHe 13.12 (^-cjpyHKiiyia). 


m = 


1 , t ^ 0 , 
0, t< 0. 


TeopeMa 13.13 (TaG.nnpa opHnraajiOB h iix TT3()6pa>KeiiTTii). 

• VneZ + VAeC t n e M 6{t ) = 

• VweCVAeC e At sin(a;t)0(t) = ( ^_ A ^ 2+ ^ 2 ; 

• VweCVAeC e At cos(o jt)6{t) = (p ; 

• VweCVAeC e At sh(a;t)6*(t) = ( p _ A ^ 2 _ a) 2 / 

• VwgCVAgC e At ch (out)9(t) = . 

/^OKa3aTejii>CTBO. CaMoeroaTejibHO. □ 


13.2. OopMyjia MejiJiHHa. 


TeopeMa 


13.14 (OopMy.ua MejiJiHHa). Ilycmb 


• / - OpUZUHOA; 

• C > 0 u a 6l rnanue, umo V t ^ 0 |/(£)| ^ Ce at ; 

• /(*) •= ^(p)- 
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Tosda e ak>6ou mourn t, sde tfiyuKyiiA f uenpepueuo dutfitfiepeuyupyeMa, cnpaeedAueo paeeucmeo 

6+200 

= j F(p)e pt dp 
6—200 

sde immespaA depemcn no aw6ou npAMoii enda Rep = b > a u nommaemcA e CMUCAe sacwhoso 
3HaueHUH. 


/^OKaaaTejibCTBO. IlepeirameM cjiopMyjiy, CBsobiBaiomyio H3o6pa>KeHHe h opi'inman, b Bii;ie 


F(b + ip) 


+oo +oo 

j f(t)e~ {b+ip)t dt = j (f(t)e- bt y~ ipt dt. 

0 —oo 


(13.6) 


B ciuiy vcjiobim b > a, (jiymapia f{t)e~ bt -) T<cno h e htitt anb ho ySbmaeT npii t —> +00. Cjie^OBaTejibHO, 
4iopMy.ua (13.6) cnpaBe^Jiima npii p G M h c^ymapia F{b + ip) aBjmeTca npeoSpasoBarmeM Oypbe 
(Jiymapm f{t)e~ bt . Hcno.Jib3ya cjiopMyjiy fl.n5i oSpaTiioro npeoSpasoBamm Oypbe, noayviTM 


+OO 


6+200 


6+200 


f(t)e bt = — / F(b+ip)e ipt dp = z = b+ip = —— / F(z)e^ z b ^ dz = e / F(z)e zt dz. □ 


2tt 


2ni 


2iri 


6—200 


TeopeMa 13.15 (Bbmiicjieime miTerpajia 113 (jiopMyjibi Mejunma (saMbiKai-rae KOHTypa b npaBoii 
no.nyn.nocKOCTii)). IJycmb 

• D — {z | Re 2 ; > b}, sde b G M; 

• E = {zi, z 2 ,. ■ ■, z n j C D, sde n G N; 

• feH(D\E)nC(D\E); 

• R - npou360At>Hoe noAOCHCumeAbuoe hucao rnaKoe, nmo R > maxlzl; 

z£E 

• Ip = i z I Rez ^ b , |z| = /+ ade p ^ i?; 

• lim max |/(z) | = 0. 

p —>+00 zS7 p 

• 7_ - ompuyameAbHO opueumupoeauuaA spcmuya odAacmu {z \ \z\ < R, Rez > &}; 

• CD < 0. 

3 b+ioo 

1 osda r 

/ f(z)e az dz = R(z)e az dz. 

6—200 7— 

yXoKaaaTejibCTBO. Roxaaaxe.a bctbo Bno.mie aiia.nonrnio noKaaaxe.a bctbv TeopeMbi 6.30. □ 


TeopeMa 13.16 (BbimicjieHiie iiHTerpajia 113 cJjopMy.aw Mejunma (saMbiKairae KOHTypa b jieBofi 
no.nyn.nocKOCTii)). IJycmb 

• D — {z | Rez < b}, sde b G M; 

• E = {zi, z 2 , ■ ■ ■ , z n } C D, sde n G N; 

• fe'H(D\E)DC(D\E); 

• R - npou360Abnoe noAOCHeumeAbHoe hucao manoe, umo R > maxRI; 

zeE 

• Ip = i z I Rez ^ b, \z\ = p}, sde p ^ i?; 

• lim max \f(z) \ = 0. 

p^f+oo z€^ p 

• 7+ - noAOCHCumeAbuo opuenmupoeaHHCiA spcmuya odAacmu {z \ \z\ < R , Rez < b}; 
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• a > 0 . 
Tozda 


b+ioc 

J f(z)e az dz 


R(z)e az dz. 


6—200 


7 + 


/^OKaaaTejiBCTBO. JIoKaiaxe.a b ctbo Bno.mie aHaaormHO /lOKaa axe.a b otbv TeopeMbi 6.30. □ 


13.3. Onepau;HOHHi>iH MeTOfl pemeHHa oSbiKHOBeHHbix ^HfJjcjDepeHpHajibHbix ypaBHemm. 

TeopeMa 13.17 (OnepaipiOHHbm mpto/i peitieumi oSbiKi-iOBeimbix ;uit]>t|)e pen t i h a.■ ia hmx ypaBHeniii!). 
JJycmb 

• f - opmuHcui; 

• x - pemenue 3adanu Komu 

f a n x (n )(t ) + a n _ix (n_1) (t) + ... + aix'it) + a 0 x(t) = fit), 

\x("- 1 )(0)=x B _i, x (n_2) (0) = x n _ 2 , • ••, x , (0) = Xi, x(0)=x 0 , 

sde xo, xi, ..., x n -i uao, a\ r ..., a n - npomeoAbnue KOMnAencnue nocmofmnue u, upoMe 
mozo, a n ^ 0; 

• f(t) •= F(p). 

Tozda 

(1) x{t)9(t), x'{t)9(t), xi n \t)9(t) - opusuHdAu; 

(2) A(p)X(p) = F(p) + B{p), zde X(jp) - u3o6paotcenue x{t)9{t) u 

A(p) = a n p n + a n -ip n ~ l + ... aip + a 0 , 

B(p) = a n ( p n 1 Xo + ... + x„_i) + a n _i ( p n 2 Xq + ... + x n _ 2 ) + ... + a\X o- 

/IoKa3aTe.jibCTBo. (1) Be3 aoKasaTeaBCTBa (Moaiex 6 mtb BbiBe/ieiio 113 CTai-i^apTHbix cbohctb ;uk])- 
(j)epeHTuiajibHbix ypaBHemm c nocToai-mbiMii K03(Ji4 :)HII > HeHTaMI1 )- 
(2) IIpHMeHaa npeoGpasoBamie JIanjiaca k ypaBneiraio 

a n x^ n \t) + a n _ia; (n_1) (t) + ... + aix'it) + a 0 x(t ) = f(t), 

h, TTcno.abiya TeopeMbi 13.3 n 13.5, nojiyniiM, mto 

a n (p n X(p) - p n ~ l x{ 0) - ... - a^-^O)) + a„_i {p n ~ 1 X(p) - p n ~ 2 x{ 0) - ... - a>- 2 >(0)) + ... + 

+ai (pX(p) - x(0)) + a 0 X(p) = F(p), 

X(p) ( a n p n + a n _ip n_1 + ... app + a 0 ) = 

= F(p) + a n (p n ~ 1 x( 0) + ... + a; (n_1) (0)) + a n _i (p n ~ 2 x( 0) + ... + a; (n ~ 2) (0)) + ... + aix(0), 
A(p)X(p) = F(p) + a n [p n ~ l x o + ... + x n _i) + a n _i (p n_2 a;o + • • • + ^- 2 ) + • • • + Oi^o- □ 
IIpHMep 13.18. Haumu peuienue 3adauu Komu npu t ^ 0 onepapuonnuM MemodoM 

x' + x = - — 9(t — e) j, x(0) = 0, 

sde e > 0. Haumu npedeA pemenuA npu e —> 0. 


(13.7) 
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PemeHHe. Rjih BbiHiicjieima npeo6pa30Barme ilaiuiaca c]miKTuin 7 (0(2) — 0(2 — e)), BOcnojib3yeMca 
TeopeMaMii 13.13 h 13.8 

7 (»<*) - A (7 - ^ ^ t 1 - e_ ' P ) • 


£ \p 


P 


ep 


IIpHMeHaa npeoCpaaoBamie ilaiuiaca k ypaBnenino (13.7), nojiyniiM 


pX(p) +X(jp) = — (l — e £p ) 
ep s ' 


X(p) = 


(1 - e~ ep ) . 


ep(p + 1 ) 

cpymapia X(p) peryjiapHa b nojiyiuiocKOCTii Re(p) > 0. BocnojibsveMca ()) 0 pMy. 30 Ti Mejijnma, 
no.naraa b = 1 > 0 , 


1+200 


x(t) = h \ 


1 —200 


ep(p + 1) 


(1 - e~ £p ) e pt dp. 


Ii 3 TeopeMbi 13.16 cnenyeT. mto 


1+200 


oPt 


2 m J ep(p + 1) 
1 — 200 


1 f e pt e pt e pt 

dp = - / —-- dp = res — - - - + res — - -- 

27 ri J ep(p + 1) p =-1 ep(p + 1) p =o ep(p + 1) 


7 + 




= +++(1-0 

npii t > 0 ( 7 + - n 0.3 o>kttt enbHO < > pnen t 11 p 0 b a ht-i a s rpamipa oSjiacTii {z \ \z\ < 2, Re(z) < 1}) 11 
1+200 


27 ri J ep{p + 1) 

1 — 200 


P p(t~e) 1 

dP=W~ 


e P(t~e) e P(t-s ) e p(t-e) 

2 m J ep(p + 1) dp = p T =- 1 ep{p + 1 ) + p =0 ep(p+ 1) 


7- 


p -(t-e) 11 , 

= ---+ - = -(1 — e “^ _£ )) 

£ £ £ 

npii t > £. 

II 3 TeopeMbi 13.15 cjie^yeT, T no 

1+200 


P P(t-e) 1 

dP=W~ 


e P(t-e) 


dp — 0 


27Ti ,/ ep(p + 1) 27Ti,/ ep(p + 1) 

1—200 7— 

npii t G [0, e) (y_ - OTpupaTejibHO opneHTHpoBamiaa rpamipa ofmacTH { 2 ; | \z\ < 2, Re(+ > 1}). 
CoSiipaa nojiynemibie ())0pMy.3?>i BMecTe, nojiyniiM, hto 


x(t) = 


)(l-e f ), te[ 0,e], 

7(1 — e+ — +1 — e _ ( t-e + 2 ^ £ 

npii e —> 0 nojiyniiM, hto x(t) = e _t npii 2 ^ 0. □ 


i(l -e *), 2 e [0,e], 

t > £. 
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14. AcHMIITOTHHeCKHe MeTO/],bI 

14.1. AcHMnTOTHnecKHe nocjie^OBaTejibHOCTH. 

Onpe^ejieHHe 14.1 (AciiMnTOTiriecKaa nocjie^OBaTejibHOCTb). Ilycmb 

• nocjiedoeameAbHocmb (fiyuKyuti {</9 n }^ =1 onpedenena e nenomopou OKpecnmocmu mouKU x 0 . 
roeopam, umo {tp n }™ =1 - acuMnmomunecnaa nocAedoeameAbnocmb npu x —>■ x 0 , ecau 

VneN ip n+ i(x) = o(cp n (x)) 

npu X —> Xq- 


Onpe^ejieHHe 14.2 (AcnMiiTOTHHecKoe pasjiooKernie). Ilycmb 

• cfcyHKyuA f u tfiyuKyuonaAbHciH nocjiedoeameAbHocmb {‘p n \^=i onpedejienu e Henomopou 
onpecnmocmu mounu x 0 ; 

• i - acuMumomunecnaa nocjiedoeameAbHocmb npu x —> x 0 ; 

• {cn}^ - uucAoeaa nocjiedoeameAbHocmb. 

OO 

OopMaAbHuu pad Y c n'-fn uasueaiom acuMnmomunecKUM pa3A0MceHueM (fiyHKyuu f npu x —>• x 0 , 


n=l 


eCAU 


N 


ViVel f(x) - ^2 c n ip n (x) = o(tp N {x)) 

n= 1 

npu x —> xq. B omoM CAynae numym 

OO 

f{x) ~ E C ^n{x), X ->• Xq. 


n=1 


IlpHMep 14.3. Ilycmb f : M. — >■ M - decKoneuno du$$epeHyupyeMaa fiyunyua e OKpecmnocmu 
mourn x 0 E M. Toeda (dacnce ecAU pad TeuAopa pacxodumca) 

°° f( n )( r ) 

/(^)~E—aEv 2 ' ~ x o) n > x^x 0 . 


n =1 


n\ 


IlpHMep 14.4. IIpu x —>■ +cx) eepno, umo 


+oo 


n x—t 


+oo 


dt = 


de x * 1 

t x 


+°° . AT 

/ p x ~ t AL 

~pr dt = Y, 

n=0 


-1 ) n n\ 


+oo 


+ (—1) n+1 (N + 1)! 


-X — t 


X 


n -\-1 


t N + 2 


dt , 


zde N eN. Eoaee moeo, 


+ °0 J.T 

r p x -t J-L 

- dt ~Z 

J n =0 


(-1 ) n n\ 


x 


n+1 


+oo 


= (N + 1)! 


e x t (N + 1)! 


+oo 


t N + 2 


dt A 


x 


N +2 


e x ~ l dt = 


(N + 1)! 


x 


N +2 


= O 


N +1 


X 


npu x —» +oo. Tukum odpa30M, 


+ 0O „ 

/V*~£ 

“ n=0 


(—l) n n! 


x 


rc+1 


x —> +oo. 


(14,1) 


OmMemuM, umo pad, cmoavyuu e npaeou uacmu coomnouieHua (14.1) pacxodumca npu x > 0. 
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14.2. AcHMnTOTHHecKoe noBe^eime HHTerpajiOB Tnna JIanjiaca. PaccMOTpiiM miTerpaji Bii^a 


b 

J f(x)e xs ^dx, (14.2) 

a 

r,ne [a, b] - KOHeaHbm Hi-iTepBan na BemecTBeimoii och, (fmiKTurii / h S np ith a/pxe >k ax C°°[a,b\, S - 
b c 11 if'c tb('tth a m (j)ynKnjni ii A - BeinecTBeHHbiii napaivieTp. 

Mbi 6 yneM iniTepecoBaTbCH aciiMnTOTimecKiiM noBe^ei-raeM HHTerpa.ua (14.2) npn A —> +oo. II 3 
oapBir TT HOiT oiichkii 



max | f( x ) I, M 


max5(x), A > 0, 

xeA v ' 


cnenyex. hto ochobhoh BKjia,n; b aciiMiiTOTHKy HHTerpajia (14.2) .xaeT OKpecTiiocTb toh tohkh (it.hit. 
6biTb MO>KeT, necKo.nbKHx Tonerc), b KOTopofi (|)ynKTu ; in S npHHiiMaeT CBoe naiiSojibiiiee SHaaeHiie. 


TeopeMa 14.5 (AciiMnTOTiiaecKoe iioBc/ieime iiHTerpa.ua Tima ilan.iiaca (RKnan ot .xenon rpaiiiiHiioii 
TOHKii c.Jiyaaa S(x) = —x)). IJycmb 

• / G C°°[a, b\, sde —00 < a < b < 00 ; 

• A - eetL^ecmeeHHuil napaMemp. 


Tozda 


npu A —> + 00 . 


f(x)e Xx dx 


+00 

E 

n=0 


/ (n) l 


A a 


A n+1 


,HoKa3aTejibCTBO. OnKcnpyeM npoH3BO.xbHoe N G Z + . H 3 (JxopMy.xbi Tefi.xopa (c ocTaTOHHbiM 
HneHOM b (JiopMe .Iarpan>Ka) c.xe.xyex. t ito 


N fW(a) 

V x G [a, b] 3 £ G (a, b) : f(x) = ^ -——j— {x — a) n + r N (x), 

n =0 ^ 


r^e 


, N / (iV+1) (0 , ^ +1 
Mx) = fAT , ttt (x-a) 


(N + l)\ 

Jlerico BiineTb. t ito 0 c t ax 0 t thbiit H.xei-i r,v AonycKaex operiKy 


V x G [a, b] |rjv(x)| ^ M(x — a) N+1 , M = max 




£G[a,ft] (n + 1)! 


CneflOBaTejibHO, 


A r (n)(\ 

I f(x)e~ Xx dx = YZ ^ " 7 ^ fix- a) n e~ Xx dx + f r N (x)e~ Xx dx. (14.3) 

„ n= 0 U ' { { 
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A. A. noacapcKiift 


OncTiTTM ko ii njien b npaBon nacTH cJiopMyjibi (14.3). ,H ijnoSoro n G Z + npn A — * +oo 
Bepno, HTO 

b +oo 

f(x- a) n e~ Xx dx = e~ Xa f (x - a) n e~ x(x - a) dx + O ( e~ Xb ) = \y = X(x - a) 


+oo 


A n+1 


e~ Xa / y n e~ v dy + O ( e ~ Xb ) = 


T(n + 1) 


A n+i 


e~ Xa + O (e~ Xb ) = ^ e~ Xa + O ( e ~ Xb ) . 


AHajiorHHHaa openKa npn A —> +oo cnpaBe/i;jiHBa pjia ocTaTomioro njiena 


r N (x)e x dx 


b 

J{x - a) N+1 e~ Xx dx = e- Aa + O ( e ~ Xb ) = O ^ 


—A a 


X N +2 


rio^;cTaB.iTiM nojiyneHHbie opemai b cjiopMyjiy (14.3), nojiymiM, hto ppm Jiio6oro N G Z + Beprio, hto 

b 


r N 

/ f(x)e Xx dx = Y_1 

•* n =o 


/W( 


e _Aa + O 


A n+1 


—Aa 


X N +2 


npn A —)■ +oo. □ 


TeopeMa 14.6 (AciiMnTOTinecKoe noBefleime miTerpa.ua Tima JIanjiaca (BKjia,n, ot jieBoii rpanim- 
hoh tohkh ppm cjiynaa S'(a) ^ 0)). Tlycmb 

• f G C°°[a,b], S G C°°[a,b], zde —oo < a <b < oo; 

• S - eeu^ecmeenHO-SHauHasi (fiyHKyun; 

• V x G (a, 6] 5 (a;) < S'(a); 

• 5' (a) ^ 0; 

• A - eetyecmeeHHuii napcmemp. 

Tosda 

b 

[ f(x)e XS{x) dx = e xs{a) (f(a) + o(\ 


\S'(a 


npu A —>• +oo. 

^OKa3aTejii>CTBO. Ms ycjiOBim TeopeMbi nojiymiM, hto 

3 5 G (a, 6] : V s G (a, 5] S' 7 ( 2 ;) < 0. 

C.neflOBaTejibiio, Ha OTpe3Ke [a, 5] c^yHKipm S oSpaTima. 06o3HanHM o6paTHyio cJwhktihio k (-S) 
T iepe3 ip h saMeTHM, hto c()vhkti;hh ip - B03pacTaeT Ha [a, 5]. JlerKO BH^eTb, hto 

v'(y ) 1 


y=-S(a ) —S'(a) 

Bbinojimm 3aMeny nepeMemibix b HiiTerpajie no OTpe3Ky [a, 5], nojiymiM 

5 —S(S) 

[ f(x)e xs{x) dx = y = -S{x), x = <p(y) = j f((p(y))(p'(y)e~ Xy dy = 

a -5(a) 
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(BOcnojib3yeMca TeopeMon 14.5) 

= IMvMM e -A» + o (4 e«<«>) = - M, + o (4 

A y= _ s(a) V^ 2 J VA 2 / 

npn A —)■ +oo. □ 

BTopoe flOKa3aTejibCTBO TeopeMbi 14.6. II 3 ycjiOBim TeopeMbi cjie^yeT, t ito 

3 5 E (a, b] : V x G (a, 5] S"(;r) < 0. 


OTCio^a, ncnojiB 3 ya iniTerpiipoBaHne no nacrnM, nonyniiM, hto 



npn A —> —(— 00 . 

06o3HannM MaKCHMyM c^ymapra S na OTpe3Ke [5, b] nepe3 M. YnuTbiBan, hto c^ymapin S HMeeT 
MaKCiiMyM b Tonne a, nojiynriM, t ito M < S(a) n, BMecTe c sthm, 



npn A —> —|—00. 

CoSnpan nojiyneirabie opeHKH BMecTe, nojiymiM, t ito 

b 5 b 

j f(x)e xs ^ x) dx — J f(x)e xs ^ x) dx + j f(x)e xs(x) dx = + 0 eA5(a) ) 

a a S 

npn A —> 4 * 00 . □ 


TeopeMa 14.7 (AciiMnTOTimecKoe noBepemie iiiiTerpa.ua Tima Jlannaca (BKjiap; ot npaBon rpa- 
hhhhoh tohkii fljia cjiynan S'(b) 7 ^ 0)). Flycmb 

• / G C°°[a , b], S G C 100 ^, b], sde —00 < a < b < 00 ; 

• S - eeii^ecmeeHHO-aHauHasi (fiyuKyun; 

• VigM) S(x)<S(b); 

• 5'(6) 7^ 0; 


• A - eeu^ecmeennuu napciMemp. 
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A. A. noacapcKiiit 


Tosda 


f(x)e xs ^dx = (/W +0 (i)) 


npu A —>■ +oo. 

/^OKa3aTejibCTBO. CaMOCToaTejibHO. □ 

TeopeMa 14.8 (AciiMirroTiiaecKoe iioiuvu'ime HHTerpajia Tima JTanjiaca (biuma ot Bi-iyTpeHiiero 
MaKdiMVMa, c.ayaaii S(x) = —x 2 )). IIycmt> 

• / G C°°[a, b], sde — oo < a < 0 < b < oo; 

• A - eeu^ecmeennuu napciMemp. 

Tosda 

+0 °/(2«)( 0 )r(^ti) 


[f(x)e-*dx~Y; 


2n+l 


< 2 "> ! 

npu A —* +oo. 

/HoKaaaTejibCTBO. Ta roxe kak ii npu AOKaiaTe.abCTRe TeopeMbi 14.5 nojiyaiiM, mto a. a a npoii3BOJib- 
iioro N G Z + iiMeeT mbcto pa3.ao>KeHiie 

f( n) (0 ) 

V x G [a, b] 3 £ G (a, b) : f(x) = ^ J x" + rjv(x), 


n=0 


n\ 


r^e 


, \ f {N+1 \0 N+l 

r N {x) = ttt—— x 


(IV + 1)! 


h ocTaTOHHbiii a.ncai tn AonycKaeT orieiiKy 


Vi G [a, b] \r N (x)\ ^ M\x\ N+1 , M = max 


\f {N+l) m 


«e[a,fe] (n + l)! 


C ,ii e aob aT e.n b ii o , 


f me -^ dx = ±tMf 

„ n =0 ‘ „ 


a: n e Aa: " dx + / r N (x)e Xx " dx. 


—Xx 2 


(14.4) 


OiieHiiM Ka>KAbiM alien b npaBofi aacTii cjxjpMvjibi (14.4). Ho.iokiim <5 = | min(a 2 , 6 2 ). At. a a jno6oro 
aeTiioro iieoTpiin,aTe.iibHoro n npu A -+ +oo Bepno, rto 

b 

[ x n e~ Xx2 dx = [ x n e~ Xx2 dx + 0(e~ xs ) = \y = V\x] = ~4+r [ V n e~ y2 dy + 0(e~ xs ) = 


n+l 

A 2 


+oo 

-At f d « + 0(e- X! ) = 

A 2 J 
0 


z = y 


i + f° _ r ( n+1 ) 

1 z^e~ z dz + 0(e~ xs ) = ’ + 0(e~ x5 ) 


\ n +! 
A 2 


\ n +l 

A 2 


J\jir jnoSoro neaeTHoro no.aoaaiTe.abHoro n npu A —y +oo Bepno, rto 


x n e~ Xx2 dx = I x n e~ Xx * dx + 0(e~ Xd ) = 0 + 0(e~ Xd ) = 0(e~ Xd ). 


—Aa: 2 


-XS\ 


-A 8 \ 


-A<5\ 


(14,5) 



JIEKIIHH no METOpAM MATEMATMMECKOH <DH3HKH (5 CEMECTP) 


111 


AHajiorHHHaa openKa npn A —* +cx) cnpaBepniiBa pna ocTaTonnoro njiena 

b +oo 


r N (x)e Xx ~ dx 


< M J \x\ N+1 e~ Xx2 dx = 2 M J x N+l e~ Xx2 dx + 0{e ~ xs ) = O ) . 


IIopcTaBjiaa nojiyneiiHBie opeiiKii b (JiopMyjiy (14.4), nojiyanM, hto pna jhoSoto N = 2Ii + 1, rpe 
K e Z + Bepno, t ito 

/( 2fc )(o)r(^ti) „( i 


r K 

/ f( x ) e ~ Xx2 dx = ^2 

{ k =0 


(2 k)\ x 2 ^ 


+ 0 


, 2K+3 

A 2 


npn A —» —oo. □ 


TeopeMa 14.9 (AciiMnTOTimecKoe noBepeirae miTerpajia Tima Jlan.naca (BKjiap ot MaKCHMyMa ria 
rp amine pna c.uynaa S(x) = —x 2 )). IIycrm> 

• / G C 00 ^, b], zde 0 < b < oo; 

• A - eeiu,ecmeeHHUu napciMemp. 


Tozda 


npu A -A +oo. 


b 

J f{x)e~ Xx2 dx ~ 

o 


1 

2 


+oo 

£ 


n=0 


/ w Wr(f) 

n\ A 5 ? 


A4oKa3aTejibCTBO. ,Z[o k a3a ,t e ji bctbo iiacTOirmcii TeopeMBi n p a kt tt t t ec k tt pocjiobho noBTopaeT /lOKa- 
3aTe.nbCTBO TeopeMBi 14.8 3a iiCRjiToneimeM onpHKii (14.5), KOTopaa npiiMeT Blip 

r r r ( n+1 ) 

X n £ -\x 2 dx + 0 (e~ xs ) = ’ + 0(e~ xs ) 


x e 


dx = 


\ n +l 

A 2 


npu A —> +oo. 

CaMOCToaTe.TBiio. □ 


14.10 (AciiMiiTOTHaecKoe noBepeime miTerpajia Tima .Jlan.naca (BKjiap ot BriyTpeimero 
MaKCHMyMa)). IIycrm> 

• f G C°°[a,b], S G C°°[a,b], zde — oo < a <b < oo; 

• S - eeiu,ecmeeHH0-3HaHHasi (fiyunyusi; 

• 3 c G (a, 6 ) : V x G [a, c) U (c, 6] S(x) < S(c); 

• S"{c) ? 0; 

• A - eetyecmeeHHUu napciMemp. 

Toeda 

// We ^)* = e ^>X^(/(c) + 0 (l)) 

a ’ 

npu A —>■ +oo. 


TeopeMa 


/loKaaaTejiBCTBO. PasnoaceHiie cJiyiiKpim S b a c n m t i t < at ime c k it ii pap; Tefijiopa b OKpecTiiocTii tohkii 
c HMeeT Blip; 


S(x) = S(c ) + $ ^ (x - c) 2 + 0((x - c) 3 ). 
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A. A. Ilo>KapcKHfi 


OTC]o/ia c. 10 tyer. hto (jDyHKipm 

9l - x) = {x ~ c) \f^W 

HBJIHeTCH r.na/lKOH B HeKOTOpOTT OKpeCTHOCTIl TOHKIl C. BbHTTTC.niTM npOH3BOflHyiO (j)YHKTUni g B TOHK6 c 


g'( c ) — lim \ —V 2 -- 

X^c \ (x — C 


S(c)-S(x) , / S"(c) . \S"(c)\ , 

: _ J = \-~y +- c >=v a/a «• 


TaKHM o6pa30M, 113 TeopeMbi 06 oSpaTHon (juTiKruni cne/iyex. t tto nafyieTeM OKpecTHOCTb (c — 5, c + 5) 
TOHKH C B KOTOpOH (jn’HKTlTTH g oSpaTHMA. Bbe 'ICM 0603HaHeHHe if = (? _1 H SaMeTIIM, HTO 


!?(x) = S(c)-S(x), <p'(0) = - 77 -T = 


n 


is"( 

c)|' 


BbinoAHHM saMeHy nepeMeHHofi b iTHxerpane 

C+5 


g(c+6) 


f(x)e XS{x) dx= y = g(x),x = ip(y) = e xs{c) / f (<p(y))ip'(y)e Xy2 dy. 


9{c-S) 


Tenepb 113 TeopeMbi 14.8 cne/iyex. t ito 

c+8 / 

[ f( X y s M dx = e^> I fWuWW I 


Eli) 

/=o v^A 


= e AS(c) f(c 


A|5«(c)| 


= e AS ^ 


I 2vr 

WW\ 


f^ + 0 A = 


npn A —* + 00 . 

/[.nil laBepiiiemiM lona ;a le. ibexBa ocxanocb saMeTHTb, hto 

b c—S c+5 b 

[ f(x)e xs ^ x) dx= f f{x)e xs(x) dx + [ f(x)e xs ^ x) dx + [ f{x)e xs ^ x) dx 


f(x)e xsix) dx — O 


A 3 / 2 J ’ 


f(x)e xs ^ x) dx — O 


npn A —> + 00 . □ 


TeopeMa 14.11 (AcHMnTOTimec.Koe noBe/ieHne HHxerpana Tima ilanaaca (BKjiaa ot m a.KC 11 MyMa Ha 
rpamme ana cayaaa S'(c ) = 0)). IIycmt> 

• f G C°°[a, 6], A G C°°[a, 6], sde — cxd < a <b < 00 ; 

• S - eeuificmeeHHO-SHaHHaa tfiyuKyuH; 

• c = a uau c = b; 

• V x e [a, 6] \ {c} S(x) < S(c); 

• S\c) = 0, S"(c) / 0; 

• A - eetyecmeeHHUii napaMemp. 
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Tosda 

a ' 

npu A —> +oo. 

^OKa3aTejibCTBO. CaMOCToaTe.nbiio. □ 

TeopeMa 14.12 ( Acunhuoi imecKoe none. 1.011110 HHTerpana Tima ilanjiaca ( 061111 m cjiyaaii)). 

• / G C°°[a, b], S G C°°[a , b], sde — oo < a < b < oo ; 

• S - eeu^ecmeeHHOSHaHHafi tfiyuKyun; 

• tfiyHKyun S npuHUMaem ceoe uaudoAbuiee 3Hanemie ua ompe3Ke [a, b] e mounax c\, 
sde n G N; 

• A - eetyecmeeHHUu napaMemp. 

riycnib d.m ak>6oso k G {1, 2,..., n} eunoAueno oduo U3 CAedywi^ux ycAoeuu. 

• Ecau Ck — a u S'(a) < 0, hoaochcum 

PcM = (a«) + 0 (x) ) A ^ +°°- 

• -Ecau Ck = b u S'{b ) > 0 ; hoaochcum 

F Ck (A) = eAS(b) )^ 7 ^y (V( & ) + 0 (j)) n P n A +°°- 

• Ecau S'(ck ) = 0, S"(ck) 7 ^ 0, 7 - a u Ck ^ b, hoaochcum 

FcM = e ^ M \lwk)\ ( /(ct)+0 (x)) ni ”‘ A +o °- 

• Ecau S'(ck ) = 0, S"(ck) / 0 m c^, = a uau c k = b, hoaochcum 

UM = (/fe) + 0 (-A)) » P « A -► + 00 . 

Tosda 

n 

f(x)e xs ^ dx = J2 F A A) 

fc=l 

npu A —>■ + 00 . 



,ZJoKa3aTejibCTBO. IlycTb <5 > 0 TaKoe, hto OTpe3Kii 

Ep [cp <5, Cp A - 5] n [o, 6], 

nonapHO He nepeceKaiOTca npn pG {1,2,... , n}. IIojiaraH 


nOJIVHHM, T ITO 


V=[a,b]\{jK p , 
p =1 



J f(x)e xs ^ x) 

V 


n „ 

dx + Y^ / /( 
r =1 l 


x)e xs W dx. 


Tlycmb 

■ ■■ > c n> 

(14.6) 

(14.7) 

(14.8) 
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A. A. IlOiKapCKHH 


Ala a 3aBepmeHHa , 40 Kinaxe. 4 kctB a ocTajiocb saMeTiiTB, hto aciiMiiTOTiiHecKoe noBe/ieHne Kan+ioro 
113 HHTerpa,noB 

/ f(x)e xs{x) dx 

K p 

np it p G {1,2, , .,, n} oniicbiBaeTca o+hoh 113 TeopeM 14.6, 14.7, 14.10 hjiii 14.11, a iTHTerpa.a 

J f{x)e xs ^ x) dx 
v 

OKa3i>iBaeTC5i 3 k cn oh e htitt a.4 bh 0 Majiofi nonpaBKoii no OTHOineimio k 0CTa.4bH?>iM niiTerpajiaM (Tan 
nan MaKCHMyM (])vtiktittit S Ha MHoncecTBe V p Mei-iBine MaKCHMVMa (^yi-iKiuni S Ha OTpesxe [a, b]). □ 

ripHMep 14.13. Haumu acuMnmomuuecKoe noeedemie urnnespcuia 

2 

J ( x 2 + h)e x ^ x ~ x3) dx 
-2 

npu A —> +cx). Bunucamb nepeue dea ujiena acuMnmomunecKoeo pada u nanucamb nopadoK no- 
npaeKU. 

Pememie. cDyriKpiin S(x) = 3x —x 3 /lOCTHraeT CBoero MaKCHMyMa 11 a OTpe3Ke [—2,2] b flByx Tonnax 
Ci = —2 h C 2 — 1. BKjia,n ot tohkh Ci = —2 onncbiBaeTCH (})0pMy.40fl (14.6) 

S(- 2) = 2, S'(—2) = (3 - 3x 2 )|,=_ 2 = -9, /(-2) = 9, 

^-2(A) = e^( 9 + 0 (i))=e»i( a+0 (i)) 

npu A —> +cx). 

Bicjia,,!]; ot tohkh c 2 = 1 oniTCbiBaeTCH cjiopMyjiOH (14.7) 

S( 1) = 2, S'( 1) = (3 - 3x 2 )|,=_ 2 = 0, S"( 1) = -6x1,=! = -6, /(1) = 6, 


I 2tt 


F C2=1 (\) = e* x \ - 6 + 0 - =e 


6A 


„2A 


7r 

12A 


1 + 0| A 


npu A -+ +oo. 

CoOnpaa nojiyneHHbie acHMnTOTHKH BMecTe, hs TeopeMbi 14.12 e. ic lyo i. t ito 

2 


J (x 2 + 5)e x{3x ~ x3) dx = e2X (J 
-2 


7T 1 

+ V + 0 


12A A 

-2 

npu A -+ +oo. □ 

IIpHMep 14.14. Haumu acuMnmomuuecKoe noeedemie unmeepana 


A 3 / 2 


/,i + 2 „C<— 

0 

npu A -+ +cx). Bunucamb cmapuiuu HAen acuMnmomuuecKoeo pnda u nanucamb nopndoK nonpaenu. 
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PemeHHe. Ovhktitth S(x) = 2x — x 2 aocaTTraea CBoero MaKCiiMVMa Ha 0Tpe3Ke [0,1] b o/ihoh to t tko 
C i = 1. BKjiaa ot tohkh C\ — 1 oniicbiBaeTca cJiopMyaofi (14.8) 


5(1) = 1, 5'(1) = (2 — 2x)\ x= i = 0, S"{ 1) = -2, /(1) = 3, 

a,,i(A) = e \/l53 + o(4)) + 


2\ 


V\ 


V\ 


npn A — > +oo. Oicioaa h 113 TeopeMBi 14.12 caeayea. aao 

1 


'(1 + 2x)C< 2 ^> * = e^ ( 3 + 0 (-L)) 


npn A —> + 00 . □ 


14.3. OopMyjia CTHpjiimra. 

TeopeMa 14.15 ( ® oparyaa CTiipaimra). TIpu n — > +00 cnpaeedjmea acuMnmomuuecKaa (fiopMy/ia 

1 


r(n + l) = V2 7m 0)" ^1 + 


n 


,HoKa3aTC.abCTBO. lIpeoSpasyeM BbipaHveniie ana r-(|)VHKH,Hii cneayionpiM oSpasoM 


T(n + 1) = / t n e- f dt = / e nlnt_f dt = 


t = nx 


= n n+1 / e n{lnx ~ x) dx. 


(14.9) 


00 0 

OyiiKpua S(x) = In x — x aocTiiraeT CBoero MaKCHMyMa na noayocii [0, + 00 ) b Toaice ci = 1. 
Bicnaa b acHMnTOTHKy ot tohkii c,\ — 1 oniTCbiBaeaca ((lopMyaofi (14.7) 


ai) = -1. s'M = 0 -1) 


X=l 


= 0, 5"(1) = —- 


X* 


x=l 


= -1, 


+00 


2a 


e n(lnx-x) dx = e -n _ M + Q 



n 


A 


npn n —> —(—00 . I IoacaaBaaa noayaeiinyio acHMnTOTHKy b (JiopMyay (14.9), HaflafiM, hto 

+00 .— 

r (n + 1) = n n+l f e n ( lnx ~ x ) dx = n n+1 e“ n y ^ ^1 + 0 0)" ^1 + 

0 

npn n —> + 00 . □ 

14.4. AcHMnTOTHaecKoe noBe^eime HHTerpajiOB Tnna Oypte. PaccMOTpiiM TiHaerpaa Biiaa 


b 

J f(x)e iXS{x] dx, (14.10) 

a 

rae [a, b] - KOHeaHwfi OTpesoK na BemecTBermoii och, cjiyri k titi h / h S npTTHaaae>Kaa C°°[a,b\, S - 
BemecTBeimaa (jiviiKniia h A - BemecTBei-mbm napaMeTp. 

Mbi OyacM HHTepecoBaTbca acHMnTOTiiaecKHM noBeaemieM iiHaerpana (14.10) npii A —y + 00 . Ivan 
Oyaea noKasai-io a ti> i<e, ochobhoh BKjiaa b acHMnTOTHKy HHaerpaaa (14.10) aaioa OKpecTHOCTH Tex 
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TO T reK. b KOToptix ([atiktutit S' o6pam;aeTcn b hojib (VaKiie tohkh mbi 6yn,eM Ha3BiBaTb CTaipionap 
hbimh), KpoMe Toro, BKjia,n, b aciiMnTOTiiKy ^aiOT 06 a KOHpa HHTerpnpoBaHnn. 


14.16 (AcHMirroTHHecKoe noBe^emie imTerpajia Tima Oypbe (BKjia/i, ot rpammubix to 
Hex)). Ilycmb 

• / G C°°[a,b\, S G C°°[a,b], sde —oo < a <b < oo; 

• S - eemecmeeHHo-3HaHHasi <fiyHKV,usi; 

• V x G [a, b\ S'(x) 7 ^ 0; 

• A - eeinecmeennuu napaMemp. 


TeopeMa 


Toeda 


npu A —> +oo. 



fi h i p *A S(b) _ f ( a ) iXS(a) ,q(1\ 

i\S'{b) i\S’(a ) \X 2 J 


/^OKa3aTejiBCTBO. IltiTerpiipyn no nacTHM, nojiyniiM, mto 

/ f ^ ,xs{ ’ ] dx= SM) de,XSM = M-f stx) 


iXS(x) d _ 

i\S'(x) J 


fix) 


iXS'(x) 


, ,iXS(x ) 


fix) 


JXS(x) 


iXS'(x) 

i m 

i\ S'(b ) ( 
npn A —> -Goo. □ 


/mV 

(zA ) 2 J S'(x) \S'(x) J 

a 

1 1 (f{x)\ b 


de iXS(x) = 


a (iX) 2 S'(x) \S’(x) 


+ 7A 


fix) 

(i\) 2 J \S'(x) \S'(x) 


t\ 1 


e iXS{x) dx = 


D iXS(b) 


1 /(«) 

iXS'(a) 


e iXS(a) + o ( 


TeopeMa 14.17. Ilycmb X > 0 ; mosda 



E 


,ZJoKa3aTejibCTBO. Ms TeopeMbi 3.3 (imTerpajibHan TeopeMa Konin) mo>kho nojiymiTb, nTO 


+OO 


dx = 2 


A\x z 


dx 


TeopeMa 3.3 +e Af c 

' = ' 2 f 


+OO 


dz = 


z = e l ±t 


= 2e l 4 


dt = 




+00 



dy 





TeopeMa 14.18 (AciiMnTOTimecKoe noBefleime iiirrerpajia Tima <E>ypbe (BK.ia.T ot BnyTpeHHen CTa 
pnoHapHon Tonxii ,h;jih cjiynan S(x) = x 2 )). Ilycmb 
• / G C°°[a, b], sde —00 < a < 0 < b < 00 ; 
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f(x) o6paiu ) aemcsi e hoak eMecme co eceMU cooumu npou3eodnuMU e mouKax a u b; 
A - eeu^ecmeennuu napciMemp. 


Tosda 

b 

j f(x)e a * 2 dx = (/(0) + 0 Q 

a 

npu X —> +oo. 

^OKa3aTejibCTBO. llycTb e > 0 Ta,Koe, tto a < —2e < 2e < b h x G C°°(M) Taicaa, hto 

\x\ > 2e =>• x( x ) — 0, 

|x| < £ =>■ x( x ) — 1- 

IlepeirameM hcxo^hbih TiHTerpaa b Bii^e 
b b 

[ f(x)e iXx2 dx = f(f(x) - f(0) X ( x ))e iXx2 dx + f(0) [( X { x ) ~ l)e iAa;2 dx + /(0) [ e iXx2 dx. (14.11) 


OpeHHM Ka>K;ioe c.aaraeivroe b npaBoii T iacTii (j)OpMy.ii>i (14.11). 11.3 TeopeMbi 14.17 c.ic/iycr. t ito 


e dx = e l ± \ ! - 

A 


, lance. 


(x( x ) ~ 1 Y Xx2 dx = 


1 f x( x ) -1 


de iXx2 = 


1 f fx( x )~l\'i. 


x 


2i\ 


x 


e iXx2 dx = 


/ \ 1 ( x ( x ) ~ 1 

9{ x ) = ~~ 


2 i \ x 


= _ / dx=— g(x) de lXx = 


27 A 2 


g'(x)e lXx dx — O ( — , A —>■ +cx) 

A 2 


OTMeTiiM, t ito nor. ie. nice paBencTBO cnpaBenaiiBO b chjiv opemai g'(x) = 0(x 2 ) npu |x| —* 00 . 
HaKOiieii, JierKO Bi-meTb, hto 

1 f f( x ) ~ f(0) X ( x ) , iXx 2 


f( x ) ~ /(O)a(t) )e* x dx= — 


de lAx = 


x 


1 f f f( x ) - fWx( x )X e iXx* dx = 


2iX 

b 


X 




2 i 


x 


= (14.12) 


= Y / h(x)e lXx ~ dx = X- I ( h(x) — h(0)x(x) )e* Ax " dx + I x(x)e tXx “ dx = 


A 


A 


AXx 2 


MO) 


AXx 2 


X 


= oi Y2 )+o 


A 3 / 2 


= O 


A 3 / 2 


, A —y H~oo. 
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n P H HHTerpnpoBaHHH no nacTHM BHenHTerpajibHbie nnenbi ne nonBjiniOTcn, noTOMy hto cootbot- 
ciBviomiTe (|)vtiktijtti o6paru;aK)TCH b HOJib ria KOimax npoMeacyTKa HHTerpnpoBaHnn. 

IIoACTaB.inn nojiynemibie otkhiktt b (j)OpMy.iy (14.11), nojiyniiM TpeSyeMoe v tb ep>K/ie h ne. □ 

14.19 (AciiMnTOTnnecKoe noBe^emie inrrerpajia Tima <Dypbe (BKjia/i, ot BHyTpemien 
CTan;HOHapHOH tohkii)). Ilycrrib 

• / G C°°[a, b\, S G C°°[a : b], sde — oo < a <b < oo; 

• S - eeu^ecmeeHHO-SHaHHa^i (fryuKyun; 

• 3 ! c G [a, b\ : S'(c) = 0 (c - cmayucmapHaa mouKa); 

• c G (a, b); 

• S"(c) ^ 0; 

• f(x) o6paui ) aernc,H e hoak eMecme co eceMU cboumu npou3eodnuMU e mouKax a u b; 

• A - a aw,earnsei i/i mu napciMemp. 

Tozda 

b 

I f(x)e iXS{x) dx = e ^(c)+if signs"( C ) 

a 

npu A —>• —|—oo. 

/I)oKa3aTejibCTBO. ylna onpe^eAemiocTii 6yn;eM CHHTaTb, hto S"(c) > 0. Cjiynan S"(c) < 0 pac- 
CMaTpimaeTca aHajiorHHHO. 

PasnoKemie (JiyHKiiim S b acHMnTOTHHecKHH pa/i, Tefijiopa b OKpecTiiocTH tohkii c HMeeT bh^ 

S(x) = S(c ) + ^ ^ (x - c) 2 + 0((x - c ) 3 ). 

OiCKXTa c.ieAyeT. ito ((miKTuiii 


2tt 


A|5"(c)| 


f(c) + 0(- 


TeopeMa 


g( x ) 


(X 


S(x) - S (c) 
(x — c) 2 


nB.TineTcn na/iKoii b rieKOTopon OKpecTiiocTii tohkii c. Bbihhcjihm npoii3BOflnyio ((miKnim g b tohkp c 


... , Six)-Sic) , S"(c) . S"(c) , 

3 < c > = llm '/ (l _ c y = i™ V 2 + - 9) = V 2 * °- 


Hs ycjiOBHH ,5"(c) = 0 n S"(c) > 0 c.ne^yeT, sro S - y6biBaioin;an ((miKTijTH Ha [a, c], OTKvna mojkho 
BbiBecTH, hto g - B03pacTaioiH;aH ((ivhktihh iia [a, c\. AHajioniHuo, nojiyniiM, hto S - B03pacTaioin;an 
(JiVTiKTUin Ha, [c, 6], OTKy/ia cjie^yeT BbiBecTH, hto g - BOipacTaiomaa (})vhktuih na [c, b]. Ta,KHM o6pa- 
30m, g - BOipacTaiomaii (jiyiiKuym Tia [a, b\. IIocjie^Hee 03iianaeT, hto (J)yhkiihh g oopaTiiMa na, [a, b ]. 
BBe^eM o6o3Ha,HeiiHe ip = g _1 h 3aMeTHM, hto 



g 2 ( x ) = s ( x ) - s(c), ^'(o) 
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Bbinojraaa saMeny nepeMeimofi, n, ncnojib3ya pe :y. n>ra i TeopeMbi 14.18, nojiymiM, t ito 

b g{b) 

J f(x)e as{x) dx= y = g{x), x = ip(y) = e as(c) J f((p(y))ip'(y)e lXy2 dy = 

a g( a ) 

= e “ <C,eii ^ (/W»)V(»)U + o(s)) (/<‘)^5 + o(; })) 

npn A —* +oo. □ 

TeopeMa 14.20 (AcnMnTOTnnecKoe noneieime iiHTerpana th na Oypbe (BKjia,n; ot ct aiiiio h ap hoit 
tohkii na rpaHTiTie)). IIycmt> 

• f G C°°[a,b], S G C°°[a,b], sde —oo < a <b < oo; 

• S - eeui,ecmeeHH0-3HaHHafi fiyuKyuA; 

• c — a uau c = b; 

• S'(c) = 0, S"(c ) ^ 0; 

• c - eduncmeennciA cmayuonapuciA mouna fiyuKyuu S na ompe3Ke [a, b] (dpyzuMU caobclmu, 

V x G [a, b] \ {c} S'(c ) 0); 

• f(x) odpaujflemcA e hoau eMecme co eceMU cboumu npou3eodnuMU e mouKe a npu c — bue 
moHKe b npu c = a; 

• A - eetyecmeennuu napaMemp. 

Tosda 



npu A —> +oo. 

yloKaaaTGJibCTBO. yloKaiaTe.abCTBO ;ta hhoh TeopeMbi npaKTiiaecKii no.miocTbio noBTopneT ^OKa- 
saTe.abCTBO TeopeMbi 14.19 ii b cn omo raTe.ab h oil TeopeMbi 14.18. OciiOBiioe OTjnimie laK.aionaeTcn b 
tom, mto npu flOKa3aTe.TbCTBe hoboto BapiiaHTa TeopeMbi 14.18 b (JiopMy.ae (14.12) npu iniTerpii- 
poBaHiin no nacTaM B03iniKHeT HeTpHBHajibHbra BHeiniTerpa.nbHbni njien, KOTopbiii ii «ncnopTiiT» 
OKOi-inaTe.TbHyio aciiMnTOTiiKy. 

CaMOCToaTe.nbHO. □ 

TeopeMa 14.21 (PasSnenne e^HHiipbi). Tlycrm, 

• — oo < a < b < oo; 

• K\, K 2 , .. K n - 3aMKnymue HenepeceKawiyuecA nodMHOotcecmea ompe3Ka [a, b], zde n G N. 
Tosda naudymcA cfjyHKyuu ifi, p 2 , ■■■, tyn, 3adannue na ompe3Ke [a, b\, u ydoeAemeopsitou^ue 

CAedywiyuM ycAoeiiAM. 

(1) VpG {1,2, ...,n} ip p G C°°[a,b\; 

(2) V p G {1, 2,..., n) V x G K p p p (x) = 1; 

n 

(3) VpG {1,2,..., n} V x G (J K m \ K p <p p (x) = 0; 

m= 1 

(4) VpG {1,2,..., n} V x G [a, b] 0 ^ p P (x) ^ 1; 

n 

(5) V x G [a, b] Yj Vm{x) = 1- 

m= 1 
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o Ha6op tfiyHKyuu {</?p}p =1 Ha3ueaiom pa36uenueM eduuuyu, nodnunenHUM ua6opy {K p }™ =1 
3ciMKHymux nodMHOotcecme ompe3Ka [ a,b ]. 

,ZJoKa 3 aTejibCTBO. Be 3 ,a;oKa 3 aTejibCTBa. □ 

TeopeMa 14.22 (AcHMirrcmmecKoe noBe^eime inrrerpajia Tima <Dypbe ( 06111,1111 c.ny T -iafi)). Ely emu 

• f G C°°[a, b], S G C°°[a , b], zde —oo < a < b < oo; 

• S - eeui,ecmeeHH0-3HaHHafi tfiyuKyun; 

• au6o (fiyHKyutt S' o6paui ) aemcsi e hoau ua immepeciAe (a, b ) e kohchhom uucAe mouen c\, ..., 
c n , zde n G N, au6o ue oSpatyaemcA oSpatyaemcA e hoau eoece, mosda uoaochcum n — 0 
(dpyzuMU CAoeaMU, (fiyunyuA S imeem ue 6oAee ueM Kouennoe hucao cmayuoHapnux moneK 
ua immepeaAe (a, b)); 

• !'/( - 1 0 } C n +2 b. 

• A - eeiyecmeeHHUu napaMemp. 

riycmb 3 ah ak>6o 20 k G {1, 2,..., n + 2} eunoAneno odno U3 CAedywu^ux ycAoeuu. 

• Ecau Ck = a u S'(a) ^ 0, uoaochcum 

F„(A) = (/(«) + O ({)) »J>“ A +°°' < 1413 ) 

• Ecau Ck — b u S'(b ) 7 ^ 0, uoaochcum 

F«W = eiAS| 1 ,> ^( 6 ) + ° ({)) n ‘ m A +°°' (14 ' 14) 

• Ecau S'(ck ) = 0, S"(ck ) 7 ^ 0, c*, 7 - a u Ck ^ b, uoaochcum 

fa A) = -.«»*"(«) (/(ft) + O ({)) «P« A -5 +oo. (14.15) 

• Ac/m S'(ck) = 0 , S"(ck ) 7^0 m Cfc = a uau c= b, uoaochcum 

^(A) = i«^J~™^^(/(*) + 0 (£)) npu A —> +oo. (14.16) 

Tosda 

n+2 

f(x)e as ^dx = J2 F c t ( A) 

fc=l 

npu X —7 +oo. 

^OKa 3 aTejibCTBO. IlycTb <5 > 0 TaKoe, t ito OTpesKii 

= [cp - S, c p + 5] fl [a, 6 ], 

nonapHO ue nepeceKaiOTCa npu p G {1,2, ...,n + 2}. Us TeopeMbi 14.21 cjie^yeT, mto cyniecTBy- 
6 T pasSiieHiieM eflimiipbi {^p}^=i, noTpiiraemioe naSopy {/ip}”!^. HociiTejib Ka>K/ioi ; i (JiyiiKipm (p p 
(saMbiKaime MiiooKecTBa, TO T ieK, r,n,e cjiyuKipm p p OTjiimna ot ny.ria) aBjiaeTca OTpe3KOM, KOTopbm 
y/iofmo o6o3Ha T iTiTb T iepe3 [a p ,b p \. Otmcthm, t ito OTpe3Kii [ a p ,b p ], BOo 6 ru;e roBopsi, motvt nepeceKa- 
iotcsi Me/K/iy co 6 oh npu pG {l,2,...,n + 2}. 
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Iicno,Jib3y5i CBOHCTBa jiasfjTK'nmi (EuniiTnTji. noavTiiM. mto 


" n +2 n +2 ° 

f(x)e iXS W dx= J2M x )f(x)e iXS{x) dx = J2 cp p {x)f(x)e iXS{x) dx = 

■{ p= i P =i { 


n+2 J 

/ M x )f( 

p= i r 


x)e iAS(a:) dx. 


/[.nil aaBepmemia noKasaxea b ctB a ocTaaocb 3aMeTiiTB, mto aciiMiiTOTiiHecKoe iiobc/kmuk' Ka>K;ioro 
H3 nHTerpanoB 

bp 

J ip p {x)f{x)e iXS ^ x) dx 

CLp 

npu p G {1, 2,..., n + 2} oiracbiBaeTca o /i hoh h 3 TeopeM 14.16, 14.19 tt.ttt 14.20. □ 

llpHMep 14.23. Hailmu acuMnmomuuecKoe noeedemie urnnedpcuia 

2 

f Xe i\{2x-x*) dx 


npu A —* +oo. Bunucamb nepeue dea HempueuanbHux unena acuMnmomuuecKOzo psida u nanucamb 
nopttdoK nonpcwKii. 

PemeHHe. OyiiKpiM S(x) = 2x — x 2 na iniTepBajie (0,1) HMeeT p /m v CTaiiiioiiapHyio tomkv c\ = 1. 
Bk.th.t ot tom kit c± = 1 oiracbiBaeTca ((kjpmv.toh (14.15) 

-5(1) = 1, S'{ l) = (2-2x)|* =1 = 0, S"'(l) = -2, /(1) = 1, 

17 t \ \ iA-i? f i , /n /" ^ ^ ^_ f ^ \ 


F C1 = i(A) = e* A ^ A - 1 + O - = e* A_ *4 J- + 0 


npu A —> +oo. 

Bk.IHA OT .TeBOM rpaHTTMHOTT TOM KIT 0, = 0 OIMCbl BH(T0M ())OpMy.TOH (14.13) 

-5(0) = 0, S'{1) = (2 - 2x)U =0 = 2, /(0) = 0, 

T„ 0 (A) = -4- (o + o (1)) =0 (A) 


npu A —> +oo. 

BK.Ta;i ot npaBOH rpaHHHHOH tohkh 6 = 2 oiracbiBaeTca (JiopMy.Toit (14.14) 

-5(2) = 0, S"(2) = (2 - 2 x)U =2 = -2, /(2) = 2, 

fUP) = -A+(2 + 0(1)) =1 + 0 (A) 


npu A —> + 00 . 

CoOiipaa n o.t y m e hh?>i e acHMiiTOTHKii BMecTe, 113 TeopeMbi 14.22 rro.TVMTTM. mto 


xe iX{2x ~ x2) dx = e iX ~^ Jj + j + ° 


npu A —> + 00 . □ 
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IIpHMep 14.24. Haumu acuMnmomuuecKoe noeedenue immespaAa 

2 

J xe iXx3 dx 

i 

npu A —* +cx). Bunucamb nepeue dea nempueuaAbHux unena acuMnmomuuecKozo pnda u uanucamb 
nopndoK nonpaenu. 


Pememie. 3aM6TiiM, hto b AarmoM cjiyaae CTarpioHapiibix tohck na OTpe3Ke [1, 2] HeT h Teope- 
Ma 14.22 ^aeT to.jtbko CTapruim ajieH acHMnTOTHKH. /Jjih Toro htoGm nojiymiTb nepBbie 7Ba ajiena 
acHMiiTOTHHecKoro pa^a, nocTymiM KaK npu AOKasaTejmcTBe TeopeMbi 14.16 
2 2 2 


xe iXx3 dx = 


X 


J 3iXx 2 

1 


1 

8iX . 

6iX 


1 

Six . 

6iX 

0 

1 

8iX 

6i X 

O 


de iXx3 = 


A Ax 3 


3i\x 


3i\x 


1 


= — e 8iA - — e iX + — / e lAx “ dx = — e 8 * A - — e* A + — 


iXx 3 


e iXx3 dx = 


„8iX 


AX 


3i\ 

1 


3iX 


x- 


&iX 


3iX 


3iX / 2iXx A 


de iXx3 = 


i 


_ e iX + —_ - _ 

3iX 3iX 2iXx 4 


AXx 3 


+ 0 | a'= 


— e iX -— 

3iX 96A 2 


, 8i\ 


+ A^e iX + 0[ A 


6 A 2 


A 3 


npu A —> —oo. □ 


14.5. MeTOA nepeBajia. PaccMOTpriM HHTerpaji Bii^a 

J f(z)e xs ^dz, (14.17) 

7 

r.ie 7 - KOHTyp it tit e r p h jj o b a i i h a . f. S peryjiapimie c J) y r t t k t t it it b neKOTopofi oSjiacTH, coAeiTiKamcii 
KoiiTyp 7 h A - BemecTBeHHbiH napaMeTp. 

Mbi Sy^eM HHTepecoBaTbca acHMnTOTHaecKHM noBeAemieM HHTerpa.ua (14.17) npn A —> +oo. Pe- 
ry.iiHpHOCTb <J)yHKH;HH / h S no3BOJiaeT AecjiopMiipoBaTb KOHTyp HiiTerpripoBaHiia 7 , ne H3MeHaa npn 
3tom 3Tia T i('TTii(' HHTerpajia. OcriOBiiaa iiAea npu BbiHiicjieiiHH acriMnTOTHKH HHTerpajia miAa (14.17) 
3aKjnoHaeTca b tom, hto 6 bi tioaxoahttiom AefliopManiieii KOHTypa HiiTerpiipoBaHiia 7 CBecTii ttcxoa- 
Hyio 3a7aay k Bbmiicjieimio acHMnTOTHaecKoro noBe^erma HHTerpaaoB Tima Jlannaca 11 Oypbe. 
OKa3biBaeTca, t tto Bcer^a bo3moakho Tax npo^ecJiopMiipoBaTb kohtvp 7 , t ito 6 bi oii KOHTyp coctoaji 
113 KOneaTioro aiic.ia yaacTKOB KpiiBbix Ha KOTopbix BbinoaneHO oatto hs abvx ycAOBHH 

Im S(z) = Const hjih Re S(z) = Const. (14.18) 

Hecjioaaio noiiaTb, hto na KpiiBbix, 7 . 3 a kotopmx Bbinoaneno ycjiOBiie Im(S'(z)) = Const , HHTerpaji 
(14.17) HBjiaeTCH HHTerpajiOM Tima Jlannaca 11 7 . 3 a Bbiancaenna ero aciiMnTOTimecKoro noBeAemia 
moakho Hcno.Tb30BaTb pe3yabTaTbi TeopeMbi 14.12. BMecTe c TeM, na KpiiBbix, 7 . 3 a kotopmx Bbi- 
noaHeHO yc.30Biie Re(S'(z)) = Const , imTerpa .3 (14.17) aBnaeTca imTerpaaoM Tima Oypbe 11 7 . 3 a 
BbiHHCjieHHa ero acriMnTOTimecKoro noBeAenna moakiio Hcnojib30BaTb pe3yjibTaTbi TeopeMbi 14.22. 
OScyAHM onncaHHbie 117611 6 ojiee no 7 po 6 no. 


OnpeAejieHne 


14.25 (llepeBajibHbiH kohtvp). JJycmb 
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• D - odnoc6A3HaA o6,aacrnb e C; 

• S e H{D); 

• a e D, b e .D. 

Tosda U3 ecerr Kycouno-ZAadKux upueux, coeduHAWipux mouKU a u b, nepeeaAbHUM KonmypoM 
Ha3ueawm Aw6yK) npueyw 7, ydoeAemeopAwu^yw CAedytou^uM ycAoeuAM. 

(1) KpueaA 7 cocmoum U3 o6neduueHUA kohchhoso uucao zjiadKux Kpueux, na Kacncdou U3 ko- 
mopux eunoAHeno oduo U3 deyx ycAoeuu (14.18). 

(2) J^aa aw6ou KycouHO-ZAadKou npueou F, coeduHAWipeu mouKii a ub eepno, urrio 

maxReSYz) ^ max Re S'(z). 

zG'y ' zer 7 

TeopeMa 14.26 (JIhhhh ypoBHH Im 11 Re nacTen c()vhkti;hh S(z) = z). IJycmb 

• V 2 e C S(z) = z. 

Tozda 

(1) V C £ ® auhua ypoeHA ReS'(z) = C AGAAemcA npAMOu napaAAeAbHou ocu Oy; 

(2) V C G M auhua ypoeHA ImS'(z) = C AGAAemcA npAMOu napaAAeAbuou ocu Ox. 

,ZI(oKa3aTejii>CTBO. Cjie/iyeT H3 Toro, hto ReS'(^) = x h ImS'(z) = y. □. 

14.27 (Tonica nepeBa.na). Tlycmb 

• S pesyAApua e OKpecmuocmu mouuu z 0 G C. 

Tosda 

(1) £0 H03ueatom mouKou nepeeaAa (fiyuKyuu S, ecAU S'(zq ) = 0; 

(2) mouKy nepeeaAa z 0 ua3ueaiom npocmou, ecAU S"(z 0 ) 7^ 0. 

TeopeMa 14.28 (JIhhhh ypoBHH Im h Re perynapHOH cjiynKipm S b OKpecTiiocTH HenepeBajibHofi 
tohkh). Ilycmb 

• D - oSAacmb e C; 

• S e H(D); 

• S'(zq) 7^ 0, zde Zq G D. 

Tozda cymecmeyiom o6Aacmb U, codepcmau^aA mouKy z 0 , o6,ji,a,crn,b V, codepcncaiyaA monny z = 0, 
u KontfiopMHoe omoSpacHcenue f oSAacmu U Ha V maune, umo 

(1) V C e M uacmb auhuu ypoeHA Re S(z) = C, pacnoAasawipaACA e o6Aacmu U, ornofypaoica- 
emcA omoSpaatcenueM f e uacmb auhuu ypoeHA R ez — C — ReS(z 0 ), pacnoAazawipywcA e 
o6Aacmu V; 

(2) V C G M. uacmb auhuu ypoeHA Im S(z) = C, pacnoAasawiyaACA e o6Aacmu U, ornoCrpaoica- 
emcA omo6pacnceHueM f e uacmb auhuu ypoeHA Im z = C — ImS'(zo), pacnoAasawu^ywcA e 
o6.mcmu V. 

o JlpyeuMU CAoeaMU, cmpynmypa auhuu ypoeHA ifiyHKyuu S e OKpecmnocmu mouKii zo mauaA 
cnce, nan y ifiyHKyuu z. 

/I(oKa3aTejii>CTBO. PaccMOTpiiM OTo6pa»:eHHe 

WzeD f{z)=S{z)-S(zo). 

JlerKO BH^eTb, hto f'(z 0 ) = S'(z 0 ) 7^ 0. OTCio^a h 113 TeopeMbi 2.20 c.iie^yeT, hto / oOpaTima b 
neKOTopofi oO.iacTH U, co/iep/Kanieil to t ikv z 0 . 06o3HaniiM o6pa3 o6.nacTii U non neiicTmTeM (J)yHKiiHH 
/ nepe3 V. II3 CKasarmoro c.ienyei’. hto / aBnaeTcn Kon(|)OpMTibiM OToOpanvermeM U Ha V. 


Onpe^ejieHHe 




124 


A. A. noacapcKiift 


IlycTb Tenepb C - npoH3BOAbiiaa BemecTBeimaa nocTOinraaa h z Tanaa, hto Re S(z) = C h z G U. 
06o3HanHM o6pa3 z nofl /leiiCTBiieM oTo6pa»cenim / x iepe3 w. JlerKO BH^eTb, hto 

Re w = Re f(z) = ReS'(z) — Re S(zq) = C — Re S(zo), 

Irn w = Im f(z) = ImS'(z) — ImS'(z 0 ) = C — ImS'(zo). □ 

TeopeMa 14.29 (JIhhhh ypoBna Im h Re aacTefi (Jivhkphh S(z) = z 2 ). Tlycmb 

• V 2 e C S(z) = z 2 . 

Tosda 

(1) nuHUtt ypoouA ReS(z) = 0 cocmoum U3 deyx npsiMux y = ±x; 

(2) V C e M \ {0} auhua ypoGHH Re S(z) = C mAAemcA suneploAou c acuMnmomaMU y = ±x 
(cm. pucynoK 24); 

(3) auhua ypoGHA ImS'(z) = 0 cocmoum U3 doyx np.HM,ux y = 0 u x = 0; 

(4) V C G M \ {0} auhua ypoGHA ImS'(z) = C AGAAemcA 2unep6oAou c acuMnmomaMU y = 0 u 
x = 0 (cm. pucynoK 24). 

/^OKa3aTejibCTBO. Cjie/iyeT 113 Toro, hto Re S(z) = x 2 — y 2 h ImS'(z) = 2 xy. □. 




Phc. 24. CeMeiicTBO KpiiBbix BH^;a Re(z 2 ) = C Phc. 25. CeMeficTBO KpiiBbix BH^;a Im(z 2 ) = C 
npn C — 0, ±1, ±3 Bbiflejieno 3ejienbiM upeTOM. npn C — 0, ±0.2, ±1 BbmejieHO chhhm pBeTOM. 


14.30 (JIhhhh ypoBim Im h Re peryjiapHOH cjiyuKipra S b OKpecTHOCTH npocTofi tohkh 
Tlycmb 

• D - olAacmb e C; 

• S e Ti(D); 

• zq E D - npocmaA monua nepeeaAa tfiyHKyuu S. 

Tosda cymecmeymm olAacmb U, codepoicaw i a.H mouny z 0 , o6Aacmb V, codepcncau^aA mouny z = 0, 
u KOH.(f)opM.H,oe omo6pacHceHue f olAacmu U uaV mciKue, umo 


TeopeMa 

nepeBa.na). 

























JIEKIIHH no METOflAM MATEMATHMECKOH CDH3HKH (5 CEMECTP) 


125 


(1) V C 6 R nacmb auhuu ypoeuA R eS(z) = C, pacnoAazawu^aACA e o6jiacmu U, omo6pacnca- 
ernc.H omodpacnceuueM f e nacmb auhuu ypoeHA Rez 2 = C — ReS'(zo), pacnoAasawiyywcA e 
of)Aacrnu V; 

(2) V C G M. nacmb auhuu ypoeun Im5(z) = C, pacnoAasatou^aAcsi e o6Aacmu U, ornoCypaotca- 
emc.H omo6pacnceHueM f e nacmb auhuu ypoeun Irn z 2 = C — ImS'(zo), pacnoAazatmyywcH e 
o6Aacmu V. 

o J_JpyzuMu CAoeaMU, cmpynmypa auhuu ypoeHA tfiynKyuu S e OKpecmuocmu monnu z 0 manan 
cnee, nan y (fiyHKyuu z 2 . 

,ZJoKa3aTejii>CTBO. PaccMOTpiiM Miioro3Hanrioe OToOpaacemie 

WzeD f(z) = y/S(z)-S(zo). 
ripii z ^ z 0 cnpaBeflAiiBO pasnoacenne 

f(z) = ~ z 0 ) 2 + 0({z - z 0 ) 3 ) = (z- z 0)] / S ^ + 0(z - zo). (14.19) 

143 panjioaceHna (14.19) c.ienyer. t tto cymecTByeT OKpecTHOCTb U tomkh zo, b KOTopon Miiorosnamiaa 
<J)yHKi];Ha / ^onycKaeT Bbinenenne ;tbvx peryjiapribix BeTBeii /i n /2 b U. IIpn stom oneBiinHO, t tto 
B eTBH f\ h /2 OTjinnaiOTca numb 3iiaKOM. 

,I[oKa>KeM. mo fi aBjiaeTca TpeOyeMbiM koikJiopmhbim OToOpaavenneM. II 3 (14.19) cne/iyex. mo 

f[(z 0 ) = \J s ^ 0. CRciona h hs TeopeMbi 2.20 cnenveT, mo fi oOpamiMa b neKOTopon oOjiacTir U, 
conepacainen to t ikv zq. 06o3naniiM o6pas oSnacTH U non nencTBneM cjiynKniiH fi neper V. H 3 
CKaiaiiTioro cnenyeT, mo / aBjiaeTca KoncjropMHbiM OToOpaacemieM U na V. 

IlycTb Tenepb C - nponsBOJibiiaa BeinecTBerraaa nocToairaaa n 2 Tanaa, hto Re S(z) = C n z G U. 
06o3HannM o6pa3 0 non nencTBireM OToOpaacenna / nepe3 w. JlerKO BnneTb, mo 

Rein 2 = Re f 2 (z) = Re S(z) — ReS'(zo) = C — Re S(zq), 

Irn w 2 = Im f 2 (z) = ImS'(z) — ImS^o) = C — ImS'(zo)- □ 

14.31 (CBOHCTBa MOHOTOIIHOCTH (jDyHKIpIH Re S' B OKpeCTHOCTH npOCTOH tohkh nepeBa- 

na). Tlycmb 

• D - oSAacmb e C; 

• Se H(D); 

• z 0 G D - npocmaA monna nepeeaAa tfiyuKyuu S. 

Tozda cyiyecmeyem OKpecumocmb U monnu zq huik/lh, nmo 

(1) auhua ypoeHH IrnS'(^) = ImS'(z 0 ) 6 o6Aacmu U cocmoum U3 deyx za, admix npueux y + u y_; 

(2) 7 + u nepeceKawmcA e monne z 0 nod np.HM,UM yzAOM; 

(3) npu ydaAeuuu om uiouku z 0 edoAb upueou 7 + cjayunyuA ReS'(z) eo3pacmaem; 

(4) npu ydaAeuuu om monnu zq edoAb Kpueou 7 _ (fryuKyuA ReS'(^) ydueaem. 

/I(oKa3aTejibCTBO. (1) C.nenyeT 113 TeopeMbi 14.30. 

(2) C.nenyeT H3 TeopeM 14.29 n 14.30 n CBOHCTBa Konc|)opMiibix OToOpaaceunn coxpanaTb yr.nbi. 

(3, 4) CnenyeT H3 TeopeMbi 14.30, n BbinojiHenna aHaaornnuoro CBoncTBa nna cJiyHKn,nn z 2 . □ 

14.32 (Jliinna iiancKopeninero cnycna). Ilycmb 

• D - odAacmb e C; 

• Se 'H(D); 

• z 0 E D - npocman monna nepeeaAa (fiyHKyuu S; 


OnpenejieHHe 


TeopeMa 
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A. A. noacapcKiiit 


• e cmpecmHocmu mouKU z 0 Minna ypoena ImS^z) = ImS'(^o) cocmoum U 3 deyx zaadnux 
Kpueux 7 + u 7_ ; nepeceKawtyuxca e monne zo; 

• npu ydaaenuu om mouKU zq edoab upueou 7_ g 5 ynnyua Re S'(2) ydueaem. 

Toeda eoeopam, umo 7_ - Minna naucKopeumezo cnycna (fiynKyuu S e OKpecmnocmu mouKU 
nepeeaaa z 0 . 


TeopeMa 14.33 (AcHMirrcmiHecKoe none irime HHTerpa.ua Tima ilanjiaca no nepeBa.TbiiOMy KOHTypy 
(BK.Ta7 ot tohkh nepeBana)). IJycmb 

• D - odaacmb e C; 

• / g H{D), S G H(D); 

• Zq G D - npocmaa moHKa nepeeaaa (ftynnyun S; 

• 7 - annua naucKopeuuieso cnycua (fiyuKyun S e onpecmnocmu mouKU nepeeaaa zq; 

• na 7 3 adana opuenmayua. 

Tosda 

/ d * = eXSM ]Sw) ('<*> + 0 ©) < 14M > 

7 ’ 

npu X —>• +oo. Bemeb Kopna e tpopMyae (14.20) euSupaemca man, umo 6 u 


arg 



= <Po, 


(14.21) 


zde 920 - yzoa Mentcdy uacameabnuM eeumopoM k upueou 7 , cosaacoeannuM c euSopoM opuenmayuu 
na 7 , u noaoMcumeabnuM nanpaeaenueM eeuyecmeennou ocu. 


/](oKa 3 aTejibCTBO. Be 3 /lOKasaTe.abCTRa. □ 


IIpHMep 14.34. Haumu acuMnmomuuecKoe noeedenue unmespaaa 

0.4i 

[ (3 + 2 Z )e m - i)z2+z3) dz 
-0.4 % 

npu X — > + 00 . Bunucamb cmapuiuu uaen acuMnmomuuecKoso pada u nanucamb nopadoK nonpaeKU. 

PemeHHe. <Dvhkh;hh S(z) = (1— i)z 2 +z 3 hmppt t bp nepena. n.iihie tohkii z\ — 0 h z-i — . JIhhhh 

ypoBHH Re S(z) = ReS'(zi) h Im5(z) = ImS'(zi) H3o6pa>KeHM na piicvriKe 26. IIpo^ecJiopMHpyeM 
KOHTyp HHTerpnpoBaHHH nan noKasario na piicyiiKe 26. IIpn 3 tom. oneBipgHO, hto 

0.4i 

J (3 + 2z)e m ~ i)z2+z3) dz = J{3 + 2 Z ) e m~i)* 2 +z 3 ) dz _ 

—0.4i 7 

ymiTBiBan, hto koitiim KOHTypa 7 pacnojiaraiOTcn b o6.na,CTH R,e S(z) < ReS(zi), BKjia,n; b acHMn- 
TOTHKv HHTerpa.na .yaer .numb Majiaa OKpecTHOCTb tohkh nepeBa.ua 27. TannM oSpasoM, mm motkcm 
BO cno.TbsoBaTbcn TeopeMoii 14.33. C.ae/iOBaTe.abHO. 

f(z) = 3 + 2z, f(zi) = 3, 

S(z) = (1 — i)z 2 + z 3 , S(zi) = 0, S'(zi) = 0, S"{z\) = 2(1 — i). 
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Phc. 26. JIhhhh ypoBHH R eS(z) = ReS'(^i) bbi- Phc. 27. IlepeBajibHbiH koiitvp 7 Bbipenen Kpac- 
pejiena, 3ejienbiM pBeTOM h Irn S(z) = Irn S(zi) hbim pBeTOM. CepBiM pBeTOM OKpamena 06- 
- chhhm. CnHHe CTpejiKH yKa3biBaiOT HanpaBjie- JiacTb, ypoBjieTBopaioipaH ycnoBHio Re S(z) < 
hhh ySbiBaHHii (J)yHKiniH Re S(z). ReS'(^i). 


Rjih Toro T iTo6bi HafiTH yroji HaKjiOHa po KOHTypa 7 b tohkb z 1 , BBepeM nojinpubie KOoppimaTbi 
£ = r lv> H 3aM6THM, T 1T0 

S(z) = (1 - i)z 2 + £ 3 = V2 r 2 e~^ +2l<f + 0{r 2 ) = -v / 2r 2 eT l+2v + 0(r 2 ) 
npii z —» 0 . TaKiiM oopawiM. yroji naK.iona p 0 MO>KeT motkct 6t>itt, HafipeH 113 y|i a Fine hit it 

e ^i+2i(fio — 1 

OneBiipHO, hto yroji po, corjiacoBaHHbin c opneHTapneH KOHTypa 7 , paBeH ^ (yroji — ^ OTBenaeT 
npOTHBOnO.JIOTKHO opneHTHpoBaHHOMy KOHTypy 7 ). 

HaKOHep, 113 (14.20) 11 (14.21) cjiepyeT, hto 

,/(3 + 2 *>- siw^T) ( 3 + ^)) = ( 3 + ° G) ) ' 

7 

OKOHHaTePbHO, 

0 . 4 * 

(3 + 2z)e m ~ i)z2+z3) dz = + 0 Q) ) , A -)• + 00 . □ 

-0.4* 
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